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| 0.0 Diese Sammlung bietet in einzelnen. in sich äbgeschlossenen Werken 
| zusammenfassende Darstellungen der wichtigsten Abschnitte der mathe- | 
matischen Wissenschaften und deren Anwendungen. Im einzelnen wollen 
diese Werke in ihrer ausführlichen, neben der rein wissenschaftlichen auch 
pädagogische Momente berücksichtigenden Darstellung die Möglichkeit zu | 
selbständigem und von umfangreichen Quellenstudien unabhängigem Ein- | 
dringen in die verschiedenen Disziplinen geben; in ihrer Gesamtheit aber | 
sollen sie durch ihre eingehenden literarischen und een Nachweise | 
ein genaues Bild von amFmamarer REF 
wärtigen Stande der 
wendungen darbieten. 
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R PREFACH 


nn In the present work I have endeavoured to represent the studies 
— made by Japanese mathematicians of our age. The papers have most 
of them been reproduced in more or less condensed forms, and they 
consist of those that were originally given in our own tongue, except 
one or two that come forth in connection with others. I don’t mean 
to have brought all choice productions of the Japanese mind in this one 
volume, nor I pretend to have exhausted those writings that could be 
taken for representatives. I shall be satisfied, if I could give to my 
readers any image or aspect of the subjects our Japanese scholars are 
. fond of pursuing and taking their tastes in. As to the results brought 
out in this meagre composition, I], with any other Japanese, persist no 
way on their originality with us Japanese. We well persist however 
that these are all original studies crowning the efforts of the respective 
Japanese authors, — not borrowed from any outer world. On that 
account | desire to believe that these should no doubt be worth raising 
some interest from the students of things Japanese — historical or 
social; which is really the why I have taken up the pains of compiling 
and editing the present collection. 
It is not quite half a century since the Occidental style of learn- 
ings brought Japan under the overflow of its sway. But we Japanese 
have achieved in that short interval of time what we now possess. For 
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7 the contents of this book and like productions we Japanese do not but 
9 feel the growth of a thanking heart towards the capable and prominent 
Q leadership of our European predecessors. 

*% It is true we Oriental people had our own eivilization even from 
before our contacts with the Western world. Our forefathers and their 
predecessors the Chinese did much indeed in the advancement of their 
mathematical knowledge from time unmemorial. I therefore in way of 
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introduction give a short notice on the progress of mathematies in 
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China and Japan, which, I hope, may perhaps be served for com- 
parison with what I have to represent in the forelying volume, that 
embodies our worthy contemporaries’ productions.. 

On the eve of finishing in my work I desire to take occasion of 
expressing my feeling of respects to the respective authors, whose 
publications have enriched my collection. And my thanks are espe- 
cially due to the publisher who has kindly undertaken to set the 


present work before public. 


Ohara in Kazusa, September 26, 1907. 
Yoshio Mikami. 
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A SHORT NOTICE ON THE MATHEMATICS IN THE 
FAR EAST IN ITS DEVELOPMENT. 


By way of an introduction to the present work we shall here 
give a short notice on the development of mathematics in China and 
Japan. 


There are two of oldest works on mathematics that have been 
left by the ancient Chinese and that still remain preserved to our own 
day. The one of these is the Chou-pei and the other the Chiu-chang 
Suan-shu. _ 

The Chou-pei is a calendrical work in which there is recorded 
a dialogue that had happened between the wise prince and sage 
Chou-Kong (d. 1105) and Shang Kao. It is not known who was the 
author of this book, or at what date it was composed of. Nor it remains 
in its original form; it has been preserved through the hands of successive 
commentators. Besides the latter half of it seems in all probability 
to be an addition made in a subsequent age. But in spite of all this 
the Chou-pei reveals the state of mathematical attainments, at least 
in parts, arrived at by the Chinese as early as the 12% century B. C. 
As it points out, the geometrical theorem, so important in application, 
attributed to Pythagoras, was known to the Chinese of that remote 
antiquity, although not in its geometrically rigorous form. It was 
even applied to calendrical matters. The knowledge of ratio and pro- 
portion was of course required in such an application, and the extraction 
of a square root must have been carried out. 

There are two sorts of the Chiu-chang, one attributed to Hoang-Ti, 
and the other bearing the title of the Chiu-chang Suan-shu, or Arith- 
metical Rules in Nine Sections. A work called the Hoang-Ti Chiu- 
chang prevailed some time at the close of Sung Dynasty, but we can 
put no great importance on it, being evidently a composition in a 
later age. The term Chiu-chang was employed, because arithmetical 
rules or rather questions were classified in nine sections. According 
to tradition these sections had descended from the time of Hoang-Ti, 
who reigned in the 27'% century B. C. At Chou-Kong’s time a pre- 
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viously existing work was revised or a new one was specially composed 
of by his orders, and that bore the title of the Chiu-chang. We know 
however nothing of what a kind of work the Chiu-chang of Chou-Kong 
had been. We only know that the prince had wisely encouraged the 
study of arithmetic. 

The Chiu-chang Suan-shu, that descends us through various 
editions, was written by Chang T’sang, who held the office of chief 
minister from 176 to 162 B. C. in the reign of a Han emperor, and 
who died in 152 B. C. in his old age. Chang’s life-time was- just 
subsequent to the age of the disastrous "fire when books were burnt 
by Shih Hoang-Ti of Ch’in in 213 B. C. But he searched after the 
remnants of old manuscripts, and having found a copy on the Chiu- 
chang, he composed the Chiu-chang Suan-shu. Although the work 
is said to base on a preceding document, yet it differed in various 
points, and it sought to newer way of phraseology, as the commentator 
Liu Hui affırms in his preface. It was revised in the next century 
by Ching Ch’ou-ch’ang. | 
e The abucus arithmetie appears to have prevailed in every nation 
of antiquity. But where one can expect to see an abucus more con- 
venient than employed in old China? Where one can meet with an 
abucus such that the Chinese kind has caused so extravagant a progress 
of mathematies in later years? The employment of that kind of abucus 
called the suan-ch’ou, or what have been called the sangis in modern 
Japan, — terms that can be rendered by calculating pieces, — had 
been undoubtedly practiced in China from time unmemorial. 

The Chiu-chang Suan-shu appeared in the beginning of Han, as 
we observed. In the work there remains no stage devoted to the 
description of any instrument for caleulation, but the explanations 
found there leave little room to be doubted as to the employment of 
the caleulating pieces. That these pieces had been employed during 
the Han administration is mentioned by Pan Ku, who wrote the 
History of the Former Han Dynasty in the 1“ century of Christian 
era. The pieces consisted of old of bamboo sticks not so short and 
convenient, as practiced in subsequent ages. 

The use of abucus was by no means characteristic to the Chinese, 
but the very sort of the abucus employed in China has caused the 
progress of mathematics strike a way peculiar and unique to them. 
Buddhism was introduced and the Hindw influence swept over the 
whole empire, in so much that all modes of learning went largely 
affected in idea and form. In the domain of mathematics were however 
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the Chinese free to follow their own direction of development — thanks 
to the use of the calculating pieces! The same abucus was also 
destined to work on the Japanese mind to establish a proper con- 
struction of mathematical attainments. 

The methods treated in the Chiu-chang Suan-shu that are to be 
ascribed to the sangis cover the four rules and up to the extractions 
of the square and cube roots. 

The caleulating pieces consist of two sorts, which are distinguished 
by different colours, — red and black, — representing the positive and 
negative, or rather additive and subtractive numbers. This distinetion 
was not stated in Chang’s work, where however the terms positive and 
negative were made use of. The fang-ch’öng process, one of the nine 
sections, had for its object to solve a linear system of simultaneous 
equations, which was most likely arranged on the sangi board by means 
of the positive and negative pieces. The algebraical symbols in modern 
China and Japan have undoubtedly come from the way in which such 
an arrangement was to be recorded. 

It is very remarkable that the Chiu-chang Suan-shu contains a 
problem, which was afterwards also given in Brahmagupta. 

Of works next old to the two just described may be mentioned 
the treatises of Sun-tsü, Hsia-hou Yang, Chang Chiu-chien, Liu Hui, 
and others. These were not of course the whole of publications at 
the age we are concerned of; for the works of Hsü Shang and Tu 
Chung and the San-teng-shu, ete,, are among the lost. But we have 
no means of pursuing the progress of the science in the After Han 
Period but from these extant works. 

Sun-tsü’s work is a treatise elaborated orderly in a high degree. 
The beautiful process of the t/ai-yen ch’iu-yi-shu, that was completed, 
through the hand of Yi-hsing of T’ang, by Ch’in Chiu-shang of Sung, 
was first met with in this book of Sun-tsü. The problem comes from 
a stage in the sacred book of Yi-ching. 

Sun-tsü is sometimes taken for the illustrious tactician Sun Wu, 
who lived towards the end of the 6#"- century B. ©. But there is no 
testimony to believe it, according to some authorities he belonged to 
a period not earlier than the introduction of Buddhism. 

The Hai-tao Suan-shu, or the Sea-islands Arithmetic, of Liu Hui 
of Wei, treats of measurements by the application of the relations that 
exist in a right-angled triangle. The book was originally appended to 
the same author’s commentary on the Chiu-chang Suan-shu, that was 
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In the beginning of the T’ang dynasty, that is, in the first half 
of the 7!" century, there came out a great personage, whose memory 
could never be forgotten by one who concerns with the mathematical 
history. This learned man was Wang Hs’iao-t'ung, and his Ch’i-ku 
Suan-ching presented to his emperor remains extant to this very day. 
There is, ın this work, applied an approximate way of solving cubie 
equations — harbinger of the algebraical methods of Ch’in Chiu-chang 
and Li Yeh that arose six centuries subsequently. Although the Chinese 
way of solving numerical equations were nothing but a natural extension 
from the same process that effects the extraction of the square and cube 


‚ roots, as practiced on the sangi board, yet we cannot but admire Wang’s 


possession of a firm footing in the progress of mathematics in China. 

Buddhism was brought into China in 65 A. D., and the religion 
became predominating in the course of a few centuries, when things 
Indian exereised superiority: over the proper civilization of ancient 
China. A writer records that Indian books were read in translations 
ten times more than classical works: In such an age how could 
mathematies alone remain uninfluenceed? Chen Luan and other mathe- 
maticians were enthusiastic adherents to the religion. Some of Hindoo 
mathematical works, such as the Brahman Arithmetie and the Brahman 
Arithmetical Ulassie, it is stated in history, had been even translated 
into Chinese In short Hindoo arithmetice had been studied in China. 

But however great might have been the Hindoo influence in those 
times, the Chinese science, in so far as we can judge from the rem- 
nants presented before our eyes, remained unaffected. The traces of 
Hindoo mathematics häve since all gone out of memory and lost for 
ever. As to Wang’s study of the cubie equations, we can never take 
it for a foreign source of origin. 

No value of x was adopted in the Chiu-chang Suan-shu more 
minute than 3: 1, nor any calculation was tried for the determination 
of it. But the problem of circle measurement did not fail to come 
out soon afterwards and caught the attention of scholars, perhaps owing 
to the transplantation of idea from India. After various scholars had 
obtained various values, there appeared Liu Hui in the third century. 
He tried a measurement of the circle, and came with the value 
rc = 157/50, result that, together with his caleulation, has been em- 
bodied in a note to his edition of the Chiu-chang Suan-shu of 263. Liu 
took recourse to a regular hexagon inscribed in a ceircle in his trial. 
About the same time with Liu, Wang Fan, who belonged to a Ge 
kingdom, took for = 142/48. 
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Two centuries after Liu Hui another trial for the same measure- 
ment was done by Tsu Ch’ung-chih (428—499), who both inscribed 
and circumscribed hexagons about a circle and proceeded therefrom in 
eonsideration. Tsu struck, although unknowingly,.the same way as 
Archimedes had done hundreds of years previously. Tsu found that 
the value of x should lie between 3-1415926 and 3-1415927, from 
which he deduced the two fractional values 22/7 and 355/113 The 
first fraction was the same as one given by Archimedes, but as for the 
latter, where can we find it else? Neither the Grecians nor the Hindoos 
nor the Arabians had it. No page of history comes with it, until it 
was rediscovered quite lately ın Holland. Tsu CUh’ung-chih had known 
of the fractional value upward of a thousand years before the Europeans. 
This discovery of Tsu remains recorded in the Records of Sui Dynasty 
— a work that was written by Wei Chih in the beginning of the 
7 century. Tsu’s own writing, the Chui-shu, has been lost. Perhaps 
it should have been a calendrical work, in which the author's circle 
measurement was appended. Later scholars all agree in the belief 
that Tsu had undertaken some way or other of an expansion in 
infinite series, as the terms mentioned in Wei’s History seem well 
to indicate. 

The two fractions of 'Tsu were termed the rough value and the 
minute. But the first had become in course of time to be. known by 
the latter name. 

 Tsu’s results did no way close the consideration of the circle 
measurement. For Chang Yu-chin of Mongol Dynasty and other scholars 
have ever since repeatedly appeared in their way of attack. It must 
not be forgotten, however, that such a great mathematician like Ch’in 
Chiu-shang of Sung had to take the value m = Y10, without making 
any test whatever. It is especially noteworthy when we reflect that 
the same value had been employed in Egypt, in Babylon, in India and 
in Arabia. Japanese mathematicians had also to adopt it in an early 
part of their history. 

Li Ch’ung-feng and other noted calendarmakers appeared in the 
beginning of T’ang. They were men skilled in the art of arithmetic. 
Li wrote by an imperial ediet commentaries on various arithmetical 
treatises. Li was a contemporary of Wang. 

Subsequent to the time of these scholars the Buddhist priest 
Yi-hsing made his appearance and constructed the T’ai-yen calendar, 
in which he employed the method of t/ai-yen-shu, a mode of indeter- 
minate analysis. 
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After Yi-hsing mathematics’appears to have undergone a gradual 
development through the long reigns of the dynasties of T’ang and 
Sung, an age of which however we are little meaned to be able to 
make any description. r 

We now come to the epoch where the closing days of the Sung 
Dynasty blends with the uprise of the Mongolian invaders. It was 
just at this juncture that the mathematies in China had attained the 
topmost mark of its development. We said above of Wang’s solving 
numerical equations of the third degree. Such a solution was now 
extended to higher equations in general. At the same time there arose 
the algebraical way of treatment of expressions that contain an unknown 
quantity. | 

In 1247 Ch’in Chiu-shang of Sung wrote the Su-shu Chiu-chang, 
in which he explains in detail the solution of a numerical equation in 
any degree. Ch’in's method was an extension of the process of 
extracting square and cube roots as given in the Chiu-chang Suan-shu. 
‚It is almost the same as the method published by Horner in 1819, 
On this subject ‚therefore the Chinese had forerun the Europeans by 
nearly six whole centuries. At Ch’in’s time the calculation had been 
applied digit after digit. No abridgment of labour was as yet under- 
taken. | 

About the same time Li Yeh (1178—1265) wrote two treatises on 
algebra — the T’s€ yüan Hai-ching of 1248 and the Yi-ku Yen-tuan 
of 1259; both of which treat of the so-called li-tien-yüan-shu, or the 
method of setting the heavenly element, by which is meant to represent 
the unknown quantity sought for evaluation. Li’s works treat solely of 
the way how to get equations from the data put forward in the 
problems; in this way they widely deviate from Ch’in’s explaining of 
the actual process of solving such equations without giving any words 
as to their construction. 

Here we shall not discuss on the priority of the inventions of 
- the two scholars Ch’ın and Li. It will be sufficient, if we mention 
that the Chinese algebra and with it the process of solving nume- 
rical equations had arisen in consequence of the employment of the 
caleulating pieces. On this account we never hesitate in ascribing 
the growth of algebra of the heavenly element to no foreign source 
of origin. 

Half a century later Chu Shih-chieh wrote the Suan-hsiao Chi-möng 
(1299), in which he treated the t!ien-yüan algebra, — a book of little 
value in the Chinese history, but which have displayed a heavy roll 
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on the development of mathematies in Japan. In 1303 his Szü-yüan + 
Yü-chien followed. This latter is invaluable in history, because it 
embodies the highest attainment of the Chinese algebra, which was 
not carried on writing but by manipulating with the sangis. These 
pieces being arranged in the right and left, in the front and rear, it 
is capable to represent an expression in not more than four unknowns, 
from which a certain proceeding leads to eliminate the unknowns all 
but one, leaving the final expression in the heavenly element. Thus 
the algebraical treatment carried on the sangi-board became exceedingly 
elegant and at the same time interesting to the utmost. 

Kuo Shou-ching (1231—1316), who was a great astronomer, 
applied the algebra of heavenly element in the establishment of his 
calendar system. Problems on spherical triangles were considered by 
him for the first time in China. His methods, or at least his problems, 
are said to have been borrowed from the Arabians. 

We mentioned above of Hindoo influences. A short time before 
Yi-hsing’s composition of his calendar there had been an Indian calendar 
translated. Although it has been since lost, we know, from the contents 
of the Records of T’ang Dynasty, that the written arithmetic was 
employed therein. Such arithmetic, however, did not continue very 
long to exercise power in China. It had soon disappeared from men’s 
memory. | 

The intercourse with the Arabians began in the reign of the 
dynasty of T’ang, and they were even employed, during the Mongolian 
ascendency, in the astronomical board, so that nothing can deny of 
free introduction of Arabian sciences. It is rather surprising, therefore, 
that there hardly remains any trace of the written arithmetic being 
used in China. _ 

The Mongolian yoke did not last long and the native dynasty of 
Ming succeeded. But the study of mathematies now ebbed. Although 
there had been those scholars like T’ang and K’u, they were little able 
to understand the essence of the systems founded by Ch’in and Li, Chu 
and Kuo. 

On the other hand the reign of Ming Dynasty is remarkable for 
the rise of a custom of using a new instrument in daily-use caleu- 
lations. It was the suan.pan, or the soroban of the Japanese. Al- 
though we meet with no explanation of this sort of abucus older than 
in the Suan-fa T’ung-tsung of 1592, it was no new invention. It ıs 
highly probable that the instrument, although in a different form, had 
existed from a remoter age. ; 
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The end of the Ming Dynasty saw the Christian religion introduced 
by the Jesuit priests. Matteo Ricci (1552—1610) and others were 
possessed of a tolerable knowledge in science and mathematics; so they 
took a good opportunity of their applications for the purpose of their 
mission. There soon appeared Hsü, Li and other scholars, who studied 
the Western sciences, and the missionaries translated, assisted by them, 
those works as Euclid, the T’ung-wen Suan-chih, and numerous others. 

The missionaries were warmly received at court and they were 
situated in the astronomical board. Consequently a calendrical work 
was composed after the Occidental style. The mathematical science 
in China then presented an utterly changed condition. 

The invasion of the Manchurians had left such a state of things 
untouched, and the Occidental learnings seemed to continue in their 
flourishment. But the Chinese, who always worship old times, came 
to take up older mode of sciences again in their favour, and the 
foreign influences remained without leaving as much effect as nie 
seemed on the outset. 

About the state of mathematies, that has come during the 
Manchurian yoke of present dynasty, we shall reserve it to ang 
occasion of coming with the matter again. 


Now we proceed to say something about the performances of the 
Japanese. 

Chinese mathematics was once brought into Japan in those old 
times when the flood of civilization had inundated from the continent. 
Scholars studied their Chinese masters, but the study went down 
gradually, until there remained no trace of former ascendeney. 

Under Toyotomi’s rule, it is stated, Mori paid a visit to China 
in quest of mathematical knowledge. Be the story true or untrue, it 
is the same that mathematics had been brought for a second time from 
China, for the Suan-fa T’ung-tsung was the sole authority over Japanese 
mathematicians in the beginning of their uprise. 'The soroban arith- 
_ metic has been practiced in Japan from this epoch on. 

The Jinköki of Yoshida was published in 1627. It was an arith- 
metical treatise based on the above said work. It went through various 
editions. | 

The use of soroban did not bring the calculating pieces, that had 
been probably practiced from a more older date, into disuse. On the 
contrary the sangis were the more practiced when arithmetical studies 
had become the more popular. And especially so, when the Suan-hsiao 
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Chi-meöng had come into favour of Japanese mathematicians. This 
work was reprinted in Japan at different times with notes (1658, 
1672 etc... The effect done by this single book was amazingly great. 
The study of the method of the heavenly element, or as it must now 
be called, the tengen jutsu, soon arose. 

In 1670 Sawaguchi wrote the Kokon Sampö-ki, in which he ad- 
vanced a step upward of his Chinese master’s performances, for he 
nötices in the existence of a negative root and of more than one roots, 
in an equation, although he was little inclined to take them as 
authentic. He ascribed them to defects in the setting up of problems. 

In the new edition of the Jinköki, that was printed in 1641, 
Yoshida had. given twelve questions and awaited his successors to work 
for answers. These problems were solved by several authors and their 
solutions were published in the Sanryö-roku (1653) of Yenami, the 
Yempö Shikanki (1657) of Hatsusaka, the Kaisan-ki (1659) of Yamada, 
the Ketsugi-shö (1661) of Iwamura, and others. These books were 
each provided with its own new problems, which were solved in turn 
in later publications. In this manner there arose the usage of solving 
problems given in a preceding work, when one had to compose a 
mathematical treatise. The problems in the Ketsugi-shö were answered 
in Nozawa’s Dökai-shö of 1664, and in Satö’s Kongenki of 1666. 
Those in the Kongenki were the same which Sawaguchi had solved by 
means of the tengen-jutsu method in his Kokon Sampöki of 1670, a 
- work in which there were given new problems also. These problems 
of Sawaguchi were solved by Seki Köwa and were published in his 
Hatsubi Sampö four years later. One of the problems resulted indeed 
in an equation of the 1457" degree, an equation that was not given 
in the said work except that ıt is stated to lead to such an equation. 
The same problem was considered afterwards by Miyagi, who published 
the whole of his calceulation in his Wakan Sampö of 1695. See how*® 
tremendous, how tedious, such a consideration must have been! 

The formulae in Seki’s Hatsubi Sampö were explained by his pupil 
Takebe in 1685. The way followed in such a solution was termed the 
yendan process. 

In the yendan process, it is true, symbols were employed to aid 
caleulations. But they were employed in order to get at the final 
goal of setting the tengen expression for the sangi-board. Thus the 
process could not be taken for an algebraical proceeding genuine in 
its meaning; or at least our forefathers thought so. 'There arose con- 
sequently another method of tenzan jutsu, or independent algebra. 
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If the difference that exists between these two sorts of methods was 
so trivial as almost indiscernable to a modern mind, yet it had not 
been so with the ancients, who had to distinguish between them so 
great as heavens differ from earth. It appears, the tenzan solutions 
were carried entirely in writing. This establishment has made algebraical 
calculations very simple, very free; but the method remained long 
kept secret. 

The tenzan jutsu was first given in a published work in 1706 in 
the Shüki Sampö, when the scholars in Seki’s school were very dis- 
pleased with such an act, but they had remained silent, because the 
author was a feudal lord in disguise under a feigned name. Even 
after that time the custom of keeping secret ever continued among 
mathematicians. The Shüki Sampö does not solve problems given in 
preceding publications. The usage came now to an end. 

Seki Köwa, who has been ever adored as the father of the 
Japanese mathematics, was born in 1642 near Yedo. He was most 
probably a self-formed man. Seki had already founded a written system 
of algebra. It was not derived evidentiy from Chinese works. But 
there arises naturally a question whether Seki had not been affected 
by the Oceidental mode of learnings. While Seki was busily engaged 
in the construction of his mighty system, there was a certain Japanese, 
who pursued his studies in Holland. This Japanese was Petrus 
Hartsingius by name. About the same time there was a physician, 
Hatono Söha, who had returned from abroad. It is uncertain if the 
two persons had been identical. In that case Seki could have studied 
from Hatono something, which however must have taken place in or 
after 1681, the date of Hatono’s establishment in Osaka. Seki’s 
invention appears however to have been effected in an earlier date, 
Besides Seki’s notation had been derived from the Chinese scholars. 
Had he ever felt a shock of influence from an Occidental source, it 
should have certainly lain in his theorems, not in his system of algebra. 

About the numerous theories invented by Seki we shall not dwell 
here to enter into detail. We shall content ourselves in stating that 
Seki had succeeded in striking an abridgment in the tengen method 
of solving equations, that he had made a discovery on the number 
and nature of the roots of an equation, and that he had effected 
measurements of the circle and regular polygons. Of these the circle 
measurement deserves a further mention. 

The problem of eircle measurement begins by no means in Japan 
with Seki. The problem had been studied from before his time. It 
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was he who first considered the matter in an analytical manner, as it 
is usually stated. 

Seki died in 1708 and four years later some of his writings were 
published with the title of the Kwatsuyö Sampö, in which one of his 
results was given. Here no analytical process is followed. A certain 
process of rectification of the value obtained is tried. 

The Kwatsuyö Sampö goes no further than this. But the same 
way of rectification employed in it may be applied any number of 
times, when the final result becomes more and more minute; which 
was realised by Takebe in his Fukyü Tetsujutsu of 1722. Takebe 
also derives various fractional values of x, applying to successive 
divisions. 

In the above however we see nothing analytical. But such 
appeared soon. 

Matsunaga’s Höyen Sankyo of 1739 is a manuscript work that 
was highly valued in old times. In this work there is given a series 
for the square of an arc, the necessary caleulation not being described. 
Such a caleulation is found in detail in the Yenri Tetsujutsu written 
by Takebe, who tries to carry his manipulation by biseeting the are 
and taking recourse to a kind of incomplete inducetion. The invention 
of the method followed by Takebe is generally ascribed to Seki, which 
is however doubtful. According to certain authorities, Takebe received 
a secret writing of -Seki from his master’s son, when the latter, being 
dismissed from service, was living under his care, and it was on this 
that he had based the considerations in his manuscript. In that case 
Takebe could not have possessed of the process, he describes, previous 
to 1735. A nonsense, as Takebe had already known of the series 
before us as early as 1722, when he wrote the Fukyü Tetsujutsu. It 
is even mentioned in the Yenri Hakki of 1729 that the process had 
been obtained by Takebe in consequence of perseverance through tens 
of years. 

In the Kenkon .no Maki, whose author is not known, Takebe’s 
process had become exceedingly simplified. 

Some twelve years since the publication of the Shüki Sampö, in 
which the tenzan method was made public for the first time, there 
appeared the Seiyo Sampö (1779) of Fugita (1734—1807), a work, 
where indeed the tenzan way of solutions are not given, but which 
has since served for a standard text book of the tenzan algebra. It 
did very much in popularising the science. Fugita wrote a great many 
of works, that were read in manuscripts. He had been a very renowned 


12 A SHORT NOTICE ON THE MATHEMATICS 


man highly respected, when he lived. His mean, underhand spirit had 
caused him, however, to enter into a quarrel with Aida (1847—1817), 
who was a man naturally proud and destitute in modesty, but who 
was a man of genius. We cannot dwell upon the particulars of the 
controversy that ensued. Suffice to say, it had been the collision of aca- 
demic feud and unprotected genius. 

Aida, although so loose in character as he was, made numerous 
(discoveries, of which we may mention, by way of an example, his 
general solution of the indeterminate equation, + y?+2?+ wW= g%. 

The indeterminate equations were much studied by Aida and other 
scholars. Gokai’s solution of the equation + yP+2°=u? was given 
in the Shamei Sampu of 1827 published by Shiraishi. 

Aida carried an extensive study on the ellipse, a subject that had 
since attracted the attention of scholars in Japan. It is worthy of 
notice that the ellipse has been studied in Japan exclusively as 
the section of a circular cylinder, and never as that of a cone. It 
comes therefore that neither parabola nor hyperbola was considered 
by the Japanese of the old school. About the ellipse too we are not 
left with any writings that concern to its focı. Aida employs a mode 
of projection in his studies on the ellipse. 

Ajima (1739—1798) was a contemporary of Aida and Fujita. 
He loved seclusion and tranquility; he lived in quiet ever pursuing after 
truths. Among Ajıma’s numberless researches that which concerns to 
a problem suspended in a temple at Kyöto is one of the most renowned. 
It relates to the magnitudes that arise in connection with a circle and 
a square inscribed in a circular segment across its sagitta. The original 
solution of it, as obtained by Tsuda, had been of the 10242. degree, 
while it was reduced by Nakata to an equation of the degree 46. 
Ajima’s result consisted of one of only 10 degree. That solution 
was obtained in 1773. 

Ajıma solved also the problem of a triangle inscribed with three 
circles, which is nothing but Malfatti’s problem. There are various 
problems attacked by Ajıma, in which numerous circles are inscribed 
in a circle. Problems of these kinds, that relate to geometrical figures, 
were extensively studied by Japanese mathematicians of old. But these 
were treated only in algebraical ways; they were never studied from 
geometrical point of view. Geometry as such never presented itself 
to the Japanese mind. The science as a demonstrative system has first 
become intelligible to the Japanese only after they have got quite 
recently in direct contact with the Occidental civilization. 
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In addition to what has been said above, Ajıma had secured a 
step, and a firm step, in the advance of the cireular prineiple. Ajima 
did not divide an arc into equal parts as his predecessors had done. 
On the contrary he cuts the chord of the are into a number of equal 
parts. Normal chords being drawn at the points. of division, their 
lengths are easy of caleulation. 'Proceeding from such he derived 
the expression for the area bounded between two equal, oppositely 
situated arcs. - 

This success brought Ajıma to carry his step on the evaluation 
of. the volume of a solid got by piereing a circular cylinder by another 
orthogonally through its middle. This was done first expressing the 
area of a section normal to the axis of the larger ceylinder, and then 
applying the process of integration, so to say, for a second time. In 
the process a double series was employed indeed, but it involved no 
double integral, for the two integrations were separately carried. 
Ajima’s manuseript on the subject bears the date of 1794. 

Ajıma’s success in this one problem did not fail to arouse nume- 
rous scholars to direct their attentions to problems of the same or 
like nature. Japanese mathematics soon became full and rich with 
studies in that domain. 

Ajima’s pupil Sakabe (1759—1824) and Sakabe’s pupil Kawai, _ 
made together various investigations. Sakabe invented in 1803 a process 
of solving the cubie equation on the soroban, that is, by repeated 
applications of the extraction of a square root, the resulting formula 
leading to an expression resembling the continued fraetion. The 
Kaishiki Shimpö was published in the same year by Kawai, although 
it is believed to be a writing by his master. Here there are given a 
process by which all real roots, positive and negative, of a numerical 
equation can be found approaching step by step. 

Sakabe and Kawai worked on the rectification of the ellipse, and 
obtained various formulae during 1813—1822. But these are all com- 
plicated. It was also the same with Ichino’s result, a pupil of Aida, 
who carried his study on the basis of a manuscript of Kawai. 

Sakabe published in 1810—1815 the Tenzan Shinan-roku, a 
systematie treatise on the tenzan method. The work had since become 
very popular among mathematicians. The Sampö Shinsho, written by 
Hasegawa, was published in 1830 by his pupil’s name. It went through 
several editions. 

The rectification of the ellipse was very much simplified by Wada. 
In the Caleulation of the circle he took recourse to the differential of 
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an arc, which completed the sound establishment of the process began 
by Ajima. Wada’s method is recorded in the Yenri Shinkö of 1818. 
Wada made advantage of this method to apply it to the case of an 
ellipse; he obtained his result in a simple form. He calculated a table, 
by means of which integration or folding as the Japanese termed could 
be effected. Wada’s study extended to a wide scope of problems. He 
considered cycloid and other curves. 

Shiraishi’s Shamei Sampu, that appeared in 1827, was the first 
instance of the complicated problems in the circular principle being 
published. There is given among others a formula for the surface of an 
ellipsoid. The solutions of problems of this kind were published by Iwai 
in his Yenri Hyöshaku of 1837. Hasegawa’s Gyoku-seki Tsük0 appeared 
in 1844 by his pupil’s name, a well organised treatise on the eirele-prineiple. 

We shall not meddle any further with the particulars of the studies 
of the old Japanese. But there is a subject we cannot forget to describe. 
It consists of the ruikan-jutsu, perhaps due to Wada. Problems solved 
by that process were published in Saitö’s Yenri-kan of 1834. One of 
the problems is to find the diameter of a eircle, when, its are whose 
sagitta is given should have a minimum value. The problems of this 
kind were attacked by Japanese scholars by a process in which the 
real value is approached step by step. 

The catenary was also studied in Japan, and various scholars 
obtained their own results, while the solution of Omura was by far 
the most remarkable of all. He solved it by applying to the ruikan-jutsu. 

The centre of gravity caught a deep attention in Japan, and 
especially in later years. The last and the most complicated of problems 
on this subject was given by Hagiwara in his Yenri San-yo of 1878. 
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In the following we give three ways of extracting the cube root 
of a given number. 

We have the identical relations: 

’=1, 

2=-8=1+(1+6), 

’=-2727=-1+(1+6)+(1+6+ 12), 

2?=-64=-1+(1+6)+(1+6+12)+(1+6+12 +18), 





1) The Journal of the Society of Mathematics, Tokyo. Vol. 4, pp.435—442, 1890. 
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Hence if we subtract from a given number N1, 1+1:-6, 
1+16+2-6, 1+16+26+3-6, ..., 1+16+2-.6+...+m-6 
in succession, and if we find the last remainder thus obtained less than 
1+{/1+2+3+...+(m +1)}6, then m +1 will be a first approxi- 
mation to the cube root of N. 

This is the first of our three ways. 

The numbers in the above table admit themselves to be rewritten 
as follows: 

Ira 

2>—=2+1-6, 
’=-3+(1+2)6, 
#=-4+(1+2+3)6, 


From this it will appear that the number N, divided by 6, will 
give a rest which, added to a multiple of 6, will afford a value to the 
cube root of N. For such a multiple we shall have Im 6’< N 
<{(m +1) 6)?, by virtue of which the appropriate value of m could be 
caleulated without intricating any difficulty. 

This way will be seen somewhat simpler than the one first given. 

Our third way is this: 

Since we have the identity 


RB mW=-Ä+LL+2+..m+1)6+..:+{1 +(1+2+...+n)6), 


if the number m is found in some way or other, the next steps that 
follow might be taken quite the same as in the first case. 

For example, we take N = 804,557. The calculation will be 
carried as in the scheme: 








.*. V804357 = 92 +1 = 9. 








804357 

(90° =) 729000 

75357 

91>=00x=23+1= 24571... 2.245711 
916 546 50786 
25117 25117 

92:6 255 25669 
25669 25669 

0 
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ON A QUEER NUMBER. 


I. 

The Journal of the Physics School in Tokyo, Vol.5, p. 82 (February, 
1596), eontains a note under the heading of A Queer Number. The 
note runs thus: 

When, in any system of notation, a number is formed by arranging 
all the figures in their natural order, and the number thus obtained is 
multiplied by a number less by 2 than the radıx of the system and is 
added by a number 1 less than the radız, then the resulting number will 
be one whose figures proceed in the reverse order. 

In the scale of 7, for example, we have 


123456 x5 +6 = 654321; 


in that of 10, 
123456789 > 8 + 9 = 9876054321; 

and if we take 13 for the basıs of notation, 
123...9 (X) (XD(XID = (XD + (XD) = (XI) (XD (X)987 732% 

In any other notation too the same property will always reveal itself. 

In the next number of the same Journal, pp. 99—103, three 
different ways of demonstration for the above interesting property of 
a number were published. 

We reproduce each of them in the following lines: 

1. An anonymous proof under the sign of K. K. 
If we denote the radix of a scale of notation by r, the number, 


that is formed by all the figures arranged in their natural order, will 
have the expression 


oy(r)=r?+2773 +32 +..+r- 3)? +hr—2)r+hr—1) 
or 

—=-(r—1)+(r-2)r +({r—-5)r?+...+ rt + 2734 0772, 

The number, which we obtain by reversing the order of figures, 
is this 

v(r)=(r - Vr+lhr—2)r773+...+2r+1 
=1+2r+3r+...+(r- Ir. 
It is only sufficient for us to prove that the equality 
FERNE 


holds correct for any integral value of r. 
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In the formula 
S=atla+b)r+t(a+2b)r?+...+(a +a— 1b) r—! 
zn ni 
- — |@ SEEN TIER Eu re) 


we make the substitutions a er — 1l,b=—1,n=r-— 1, and we get 


9-6 -047°); 


while the substitutions a=1, b=1,n=r-— 1 in the same formula 
give us 





Ir) Ir 1)r- ER TE ei 


ri 
These verify immediately the formula 
r-2)pyr)+er—-N)=rb). 
2. R. Ichikawa’s proof. 
We take 
S=mr—?24 2m 3 + 3m" —i+...+(m—-2)m+(m—1]) 


for a number ünder question, m denoting the radıx of scale. 
Subtracting 5 from m times of itself we get 


S(m — 1) = mr !+ mr? +...+m’+m— (m —]). 
‚S being subtracted from this for a second time, it remains 
S (m — 2)=(m — 1) m"? + (m — 2) m"—3+...+2m +1- (m-—]). 
It follows therefore the relation 
S(m — 2)+ (m — 1)= (m — 1) m"? + (m — 2) m" 3+...+2m+1, 
which expresses the property before us. 


3. Proof by 8. Tamano. 


In the identity 
— 1) (a —b) b 
"———-(s-(+d)+, 
where a and b represent whole numbers, of which a is the greater of 
the two, we put successively b=1, 2,3,..., (a— 1) and we get 


(a —1)(a—1) =a(a—2)+1, 
(a — 1)(a— 2) =a(a—3)+2, 


N en 


nase) 
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or what is the same thing, 


(a —2)(a— 1)+(a-— 1) =a(la —2) +1, 


(a— 2)(a —2)+(a — 2) =a(a—3)+2, 


(a -2)la = a- N)+a-a- Deo - ra 
Multiply these equalities respectively by Il, a, a, ....., a@?, and 
add them together. We then obtain 
(a — 2)llae=? + 2a? + 3a t+...+(a -2)a+(a—1)}+(a-—1) 
= (a —- 1))a’+(a —2)a?+...+2a-+l, 


the very formula required to be established. 


IB 


In conjunetion to the appearance of the studies we have reproduced 
ın Part I, T. Hayashı published two papers on the same or associated 
subjects shortly afterwards. These papers are entitled On some properties 
of numbers that arise by arranging all the figures in their natural and 
reverse orders in any scale of notation and A property of the number 
formed by arranging all the figures in their natural order, both of which 
appeared in the Journal of the Tokyo Physics School, Vol. 5, pp. 153— 156 
nd 266—267, May and September, 1896. 

The contents of these papers are essentially as follows: 


Theorem 1. In the scale of r, we have 


123. Ne andre (r figures). 








For 
r?4+2r 3 4...+(r—-2)r+ a 2 —— » 
hr 223 re Din Dar ee a 
‚r—1 
ae — _yr-l4yrZ3L, ,tr-l, 


Theorem 2. In the scale of r 
123...r -1]+[r - 1] —-2]...321=111...1(r figures) 


For the sum of two complementary numbers!) is equal to the 
radix of the scale. 





1) A number is said to be complementary to another when the former is 
obtained by subtracting the ratter from the radix. 


er 
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Theorem 3. In the scale of r 
123...[r—2][r-1]<(r-V+(r-)=[r-1][r—2]...321% 

Proof obvious from theorems 1 and 2. 

Theorem 4. In the scale of 2s the sum of all the figures is equal 
to |s— 1][s], while in the scale of 2t +1 the same sum is equal to |t]O. 
For 

1+2+3+...+02s—-2)+(2s-1)=s(2s-— |) 

= (s—-1)2s+s 
| FatSe 218] 

Br Ha =tR tl) NO. 
Theorem 5. In the scale of 2s 
123...[72s—-1]x<{1+2+3+...+(2s-])} 

+{1+2+3+...+(2s—1)-+H2s} 
—=ss8...s(2s figures) + S. 


and 


For 
123... [2s— 2][2s — 1]x{1+2+5+...+(2s-1)} 
+1+2+3+...+@2s—1)+2s 
=s[123...[2s — 2][2s- 1)x@s- )+2s}+s 
—=s><111...1-+s by theor. 1, 
868...5 45. 
Theorem 6. In the scale of r 
r - 11[r — 2]...4321x<(r -—)—-1 
= [r — 2][r —- 2].::[r —2] (r figures). 
Easy to prove by theorems 1 and 2. 
Theorem 7. In the scale of 2s 
2s —- 1]2s-2]...321x{1+2+3+...2s— 1) — 1 
=[s—1][s—1]...[s —1] (2s+1 figures). 
For by theorems 2 and 5 the left-hand member will be seen to 
be equal to the number constituted by arranging s 2s times and 
multiplying by 2s — 2, the result being added by s— 1. Hence if we 
arrange s 2s times, multiply it by 2 and add 1, the result will be 


111...1(2s+1 figures). 
Theorem 8. In the scale of 2s 


2s—1][2s—-2]...321xs=[s—1]s[2s—1]...2[s+2]1[s+ 1]0s. 


1) This is the proposition considered in Part I. 





9# 
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For 
[2r +1]xs=[n][s] 


In]>=s=[n]0. 
Theorem 9. In the scale of 2s the numbers 123...[2s —1] and 
2s —1][2s — 2]...321 are perfecly dwisible by 2s — 1. 
For if the number arranged in the natural order of figures is 
divisible by a number, the number in the reverse order will also be 
so by virtue of the theorems 1 and 2. But 


1+2+3+...406-)+0r-D=-5(r—1) 
being subtracted from 
vr? + 273 + Br t4+...+(r—2)r+(r—1), 
we have 
(=? —1)+2(r? —- +3 (rt D+t...+(r—- 2er -—1) 
remaining, that is obviously divisible by r — 1. 

For an even value of r the subtrahend too will be divisible by 
»— 1, and our theorem at once follows. 

Theorem 10. If the number of scale be written in the frm mn +1, 
and m (or n) be multiplied to the number formed by arranging all the 
figures in their natural order, and m (or n) be added to the product, the 
resulting number has a period that consists of n (or m) figures. 

In the scale of 11, for example, we have 

1l=2x=5+]1, 
123...9[10] x 2 + 2 = 24690, 2469, 
123...9[10] x 5 +5 = 60, 60, 60, 60, 60. 

The proof easily follows from theorem 1. It will be carried 
specially for the case of the scale of 11. | 

In that case we have 


1123, .:9[10] >10 #10 = 11... 10 ten’Tap 


and 


123 ...9710, #22 x 9 +2 dee: 
...123...9[10])=x2+2=111,..10=5, 
1232 ...9740]>5 +5 =/1117, 2.102: 

But 10, 110, 1110, 11110 cannot be divided by 5 and 111110 is 
exactly divisible by 5; and 10 is not divisible by 2, while 110 can be 
divided by 2. The right-hand sides of the above equalities therefore 
consist of numbers that have the periods of 2 and 5 figures respectively. 

The same way of demonstration equally applies for the general case. 
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ANOTHER QUEER NUMBER. 


1. In a note in the Journal of the Physies School in Tokyo it was 

once given that the number 

526315,789473,684210, 
multiplied with 3, becomes | 
1,578947,368421,052630, 
where the figures in the original number all appear only ceyclically 
interchanged. It is also stated that in place of multiplication with 3, 
the same number may be multiplied with 4 or 8, or divided by 5, 
when like results are expected. 

This queer property of the number instigated some studies on the 
subject, when two papers were made public, one by T. Hayashi!) and 
the other by U. Fujimaki.?) 

In this place we give the results of these studies. 

2. Hayashi's explanation and generalization of the property above 
mentioned. 

About the number A, whose form is 

A=10 +r(10%’? +r (10) + r’(10)% +... 


— 10{1+10r + (10r)? + (10r)’ +... .}, 

the following theorems may be derived: 

Theorem 1. The number A is periodic, and the figures contained 
in one of its periods is 9r—2 or Ir — 1 according as r is even or odd. 

Theorem 2. When A is multiplied with or divided by any number, 
the result is always periodic, the number of figures in one period not changing 
and all the same figures appearing in an order cyclically interchanged. 

Theorem 3. When one period of A is multiplied with or divided 
by any number, the figures will be only interchanged eyclically. 

Theorem 4. As the number of figures in one period of A ıs always 
. even, if we divide them into two parts and add them together, the result 
will be a number formed by arranging the one and same figure 9. 

The proof of these propositions is not difficult, so that it is left 
to the reader. 

The properties here described are evidently applicable to the case 
with any scale of notation 


or 


1) On a number that changes its figures only eyclically when multiplied or 
divided by any number. Vol. 6, pp. 148—149, May, 1897. 
2) On some queer numbers. Vol.7, pp. 16—21, December, 1897. 
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3. Fujimakes result. 


When m and n are integers and gen is dwisible without remainder, 
the integral quotient being a number of m digits, then numbers that will 
be obtained by cyclically interchanging the order of its figures are all 
multiples of the original number. 

If the figures in the quotient of 10”—1=99%9...Y9 divided by n 
will be denoted by a,, @,,:..; An, we have | 


(1) 


and it is to be proved that the number 


ine 1 
en N a d; (lg ar Ams 


A,+1 Ay 2 HD Amt; dy Pr A, 
is a multiple of a,a,... am for any value of r from 1 to m-—1. 
First let be assumed 


B\ 102-4 
(2) — = (41042... Amlylz Ar 
= Ay+14r+2 ES Om >Z 107 + A, (do we (Ar. 
Then from (1) 


102-1 R 
—. — Als 6.0, LOTTO ee 





W 


I 1 
8) .. ——— x 10’ = a0 ...0,>x 10” + 0 +10r+2. . . Am > 107. 


(2) being subtracted from (3), 
10 





— (10’ —- 2)= a0. .0, x (LUWZRER 
or 


USD 7 = rasen en 


But a,a,...a, is obviously the quotient of the first r figures in 
10” — 1=99...9; the remainder in that case being denoted by A,, 
we have 


107 = 190 DB en 
ER a ee Rh ei ht 
“ 10’ -—2=10"— (R, +1), 
= Barker 
Thus a,11@132...AmdyAy ...qd, is proved to be a multiple of 
ER Ay... Am; and the eoeffiecient of this multiple is one more 


N 
than the remainder obtained after the »*? operation, when 10”—-1=99...9 


is divided by n. 
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m 


. ; LE: 10° —1. : we 
Note 1. When » is a number of one digit, Is of m digits, 


and the above reasoning directly applies.. When » is a number of 
p digits, the same quotient is of m —p-+ 1 digits. In this case the 
above property will apply if we form a number by adding p— 1 zeros 
to the right of the figures in the, quotient. 


10” 71-1. 
Note 2. When n is a prime number, ——  —- is an integer by 


Fermat’s theorem, so that we know that there are an infinity of 
numbers that possess the above property. 


T. HAYASHI, ON THE EXAMINATION OF PERFECT 
SQUARES AMONG NUMBERS FORMED BY THE 
ARRANGEMENTS OF THE NINE  EFFECTIVE 

FIGURES.) | 


There are 9! different ways of forming numbers of 9 digits with 
the 9 figures. How many squares will arise among these? This question 
was set forth some years ago by Artemas Martin in a British journal, 
and Biddle gave his answer as to have 29 such numbers.?) 

Problems of this kind does not seem, save some few exceptions, 
to be soluble without being applied to the tediousness of practical 
caleulations. 

It will be treated here how we can abridge such a numerical 
treatment. 

Numbers of nine digits, that are formed of the nine effective 
figures, can be evidently divided by 9, and the least and greatest of 
them are 123456789 and 987654321, which are 9 times of 13717421 
and 109739369 respectively, so that the square roots of 4 > (th eperfect 
squares) lie between 

13717421 = 3704 and y109739369 — 10475. 

If the square of a number, that lies between these two numbers, 
is multiplied by 9 and gives a number composed of 9 different figures, 
zero not inclusive, then this number is evidently one of those that 
are required. 

To multiply a number by 9, we have to arrange the number and 
to subtract itself lower by one digit, and the squares of numbers of 


1) Journ. of Phys. Sch., Vol. 5, pp. 203—206, July, 1896. 
2) Given in the same Journal, Vol. 5, p.171. 
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four digits will be found in Barlow’s table or in that of Hutton. We 
can therefore make out the required perfect squares by examining the 
nearly 7000 numbers. 

But a little more abridgment. 

First we shall examine the last two figures of the squares of 
numbers from 3704 to 10475. Every square number should end in 
one of the following 22 sets: 

(00757402, 21,°41,76:17587, 
04, 24, 44, 64, 84; 25; 
09, 29, 49, 69,189); (16), 36, (56), 76, (96% 
because they arise from 
(10m + n)? = 100m? + 20mn + n?. 

Of these sets those that are included within brackets are to be 
rejected, because they raise a zero or cause a double figure when 
multiplied with 9. 

The last two figures of a square number underlie the following 
rule. The arrangement of these for the squares of numbers with O1 
to 24 for their last figures are in the reverse order, in the same or 
in the reverse again respectively, of the sets for those of the squares 
of numbers whose last two figures are from 26 to 49, 51 to 74 or 
16 to 99. For we have 

{m (10)? + (50 + n)})? — {m(10)? + n)? = 100.A (n < 50), 
{m (10)? + (25 + n)}? — {m(10)? + 25 — n)”? = 100B (n<25), 
{m(10)% + (75 + n)}? — (m(10”’ + (5 — nn)? = 1000 (n< 25). 

Thus the last two figures of all numbers are to be examined only 
in conjunction with 25 numbers that are to be squared; and we reject 
those that end with the sets enclosed in brackets in the annexed table. 

















To be squares Tozbe squares To be squares 
squared squared 32 y SN] ins squared 
(01) | (01 | 09 81 um & 
(02) | ©) | (10) | (0) 
03 09, 212.01) 4.02 H | 5 
OD ELLED 44 | (20). | (00) 
05 25 13 69 21 41 
06 36 14 96 22 84 
07 49 15 25 23 29 





08 64 | (16) | (56) 24 76 


+ 


Auen 
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Next we can try a similar process ‘with the three last figures, 
whereby we find a period with every 250 numbers. 

Further abridgment goes proceeding in the same manner, but the 
work remains for the trial of a practical caleulator. 


T. HAYASHI, A CHINESE THEOREM ON PRIME 
NUMBERS.') 


The proposition: The quantity 2” — 2 is or is not divisible by n 
according as n is a prime number or not, is said to originate with the 
Chinese, a proposition that is recorded perhaps for the first time in 
the Western World by W.W.R. Ball in his Mathematical Recreations 
and Problems; while it has been handed down in China, as is stated, 
as early as from the time even of Chou Kong. We are however all 
at a loss in what book or books to look for it, both Chinese as well 
as in any other Oriental language. 

The first half of the said proposition is no other than Fermat’s 
theorem, so that no room for any doubt about its authenticeity. As 
to the latter part Ball declares he does not yet procure any proof. 

As we perceive, this latter part is not correct. For, n» being 
taken for the product of two odd prime numbers p and g, the proposition 
may be proved not to hold for some special cases. 


1. If two numbers p and g can be found such that 
2’=2, 2?=2 (mod pg), 
then the quantity 2°? — 2 will be divisible by »2g. 


But 
22 = 17+3-31.11, 
| ,3°%=1 (mod 31-11), 
that is, 
22; 
and 
21—=2+6:31-1l, 
or 


21=2 (mod 31-11). 


Hencee for p=31 and g=11l, that is, for n=341, the 
quantity 2°” — 2 is divisible by n. 


1) Journ. of Phys. Sch., Vol. 9, pp. 143—144, March, 1900. 
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2. 2°? — 2 will be divisible by pgq, if 
Dee 2 


and, therefore, f 9 — 1 and g— 1 have a common factor, = say, for 
which 
Dr (mod pgq). 
But 
21t—=1-+ 23:89, 
or 
21 = 1 (mod 23:89), 
and 11 is a factor common to 23 —1 and 89 — 1. Hence for p=23 
and g=89, ı.e., for n = 2047, 2” — 2 is divisible by n. 
Thus the latter part of our proposition cannot be true in ı general, 
because it gives cases where it does not hold. 


T. HAYASHL ON THE RESIDUES OF NUMBERS THAT 
CONSTITUTE PASCAL’S TRIANGLE WITH RESPECT 
TO A PRIME NUMBER.) 


The same reasoning, that Kurt Hensel serves himself in his paper 
on the extension of Fermat’s theorem and Wilson’s theorem published in 
the Archiv der Mathematik und Physik of July, 1901, may be equally 
applied for the deduction of some theorems that concern to the residues 
of numbers that form the triangle of Pascal in respect to a prime 
number. 

Let p be a prime number and q a number that lies between 1 
and p — 1, inclusive Here evidently it will be 

PP ZN AR FITrN 
(m) — Se =0 (mod p). 
.. (ce ta\=axPr+ar (mod p). 





Now put p= u-+v, u and v being any positive integers, and we 
shall have 
(ce +a" (ae +a”" Zar +ar, 
that is, 
rc + a” = (nr + ar). "(2 + a)=#, 


or, both sides being expanded, 





1) Journal of Physics School, Vol. 10, pp. 391—392, October, 1901. 


\ 
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xp + (7) ax! + (3) u a 


irn * ax! + $] a?cp—? +. 


2 []+1loerl+[,#,]- [e]larr a: 
e 2 £ Ze 7 Elke ae nz 


where 





DEE DIT 2 Tl} 


ee N 
Ss s! 


A comparison of the coefficients of like powers of x will show 
these relations 


Be li) SG) 
Bee tel Sr 
ER er St 
= De ale 


Men | Bj=) Le]sc» 


Or to enunciate in a.general way, r being any integer, it runs: 


u ee 1® 4 
I. Di + .| En ( 1) (”) (mod P), 
where s denotes a whole number from 1 to v; 
1. = re z —=0 (mod p), 


where s lies between v+ 1 and p — 1, inclusive; 


II. Bi —=1 (mod p). 


By an application of the identical relation 


ee 


these congruences let themselves rewrite as follows: 
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> RR )=(- 1°?) (= 1, 2, 


II. ke u (Evtl, vera, nn 


SEE 
rp 
These congruenees may be looked upon as generalizations of the 
theorem given in Lucas’ Theorie des Nombres, pp. 419—420. 


By putting p= u— v we could else come across a number of 
new congruences. 





T. KARIYA, ON THE SUMS OF POWERS OF NATURAL 
NUMBERS.') 


I. 


1. If S, denote the sum of the m! powers of 1, 2,3,...,n, 
there exist the formulae, 


PR SE SR ee 
that are due to Jacobi, as we see from the Briefwechsel zwischen Gauss 
und Schumacher. | 
The following treatment leads us to like results. 


In the figure 

















2 dm RE ER EN 
3 6m one 
a” (AR ENT Nenn 








the sum of the r!? line is 


1) The Journal of the Tokyo Phys. Sch., Vol. 16, pp. 201—203, 241—244, 1907. 
Results of two papers. 
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"+ (2r)” + Br +... + (ne =rmS,, 
so that the whole sum will be represented by 
Sm (Ir + 2m 3m +... + nm) = 82. 


If we have to sum along the lines indicated in the figure, we 
shall have for the pt of such lines 


pp" + (2p" +... +{(p — Dr)” + (pp" +... + p". 


Consequently 
n p 
the whole sum — | 2p" > rm — ve), 
a Dlapn Som = vr (Sn), 
p=1 a! 


which is an extended form of Jacobi’s formulae. 

In particular for m=1, 2,3, ..., we have 

(1) I, = 8°, (2) 28% +8= 385°, 

Le (4) 68%,+108,— S,= 158/}, 

5) 28. +58 —- &,=6S/, 

(6) 69; +218,—- 7 +8, = 2182, 

() 385+ 148, — 78, +28 = 128°, 

(85) 108,,+ 608,,— 428,,+ 208, — 38, = 458,?, 

(N) 285+ 158,,— 148,4 108, — 38,,= 108,?, 

(10) 68, + 559,5, — 668,,+ 668,5, — 338,5, + 58,1 = 338,0”. 

Here we notice that the sum of numerical coefficients on the left is 


equal to the numerical coefficient on the right. For all the S’s become 


1 when we put »=1. Ä 
2. Amigues gives, according to Lucas, in the Nouv. Ann. de Math. 


(2° Serie, t. X.) the formulae 
48°’—=39%,+%,, 128°= 1685, — 59, + $.. 


Of these the first is evidently true, but not the latter. For, if 
we put n=2, then we shall have 


125,°= 1500, and 168, — 58, + 8, = 960. 


Here we are required to find a substitute for this formula. 
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For this purpose we form a solid arranged with the general layer 
r 2r 4r Ze, nr 
2r  4r 6r ERIIRHTE 
NTITENKEN INFITEIIE nnr 


The sum of this layer being 
Dkr8, rn 
k=1 
the whole sum =$S’>r=S?. 


Next let us carry the summation in a different way. Thus we 


consider the whole sum distributed in distriets whose general aspect 


is represented in the figure 


1, 2p 3p ra PPOH-p W-dm .. Hp 
2p 4p 6pP ET 2pp 2(p—1)p 2P—-Np ... 2p 
dB 2pp 3pp ve DAR e(p—1)p pfp—2)p ... 2» 


Here the large numerals represent those that are seen from. one 
side, while the small numerals those that are arranged in a bi-side. 


Now we have 
uppermost layer =p > r+2p > r+...+pp >r 
N 2 
per 2\? 
Bo 
Sum of horizontal sides = (p — r) p 2 2(p—r)p+..:+P(p—-r)p 
1) 
=2p(p — er - Pp=r) 
2 ‚(p-—-1). Hence the whole sum in this district 


Toren ar 


will be 
nen + p°(p + EZ en: RE P+1). 


N E@p+y=8, 
p=1 
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y D>er+ p?) = 48°, or 38, + S, A 48,5, 


—]1 


which is the first of Amigues’ formulae. 
Again when the m‘® powers of natural numbers are arranged as 


before, we get in like way 


In for m=2, we have 


I, \ 
m > ym >; kr + p° m | 2 Be: 





= 
u Ir Dir +yp'= 2 (4p!+ 7? +1), 
.48,+78,+9,=128), 
which is the required relation that substitutes for Amigues’ second 
formula. 
Finally by making m =3, 4, 5 we get 
38, +108 +39, = 168,°, 
368,,+198,,+ 88890 — 20 9 + 9, = 300 S,}, 
48. + 3285 + 218; — 108, +8 = 48 8,°. 


Il. 3 

T. O., in Kyoto, publishes as a sequence to the results arrived at 
by T. Kariya a paper in the same journal of August, pp. 2839— 290. 
The following lines are a reproduction of the essay: 

In general, 5, is an integral function of 5, and it can be perfectiy 
divided by 5? or S,, when m is odd; and when m is even, 57 can be 
expressed as the product of an integral function of 5, and 2n + 1, and 
it can be divided by S,(2n +1) or 8.. 

First to prove the proposition for the case of m even, we have 





in general 
tet gktt_ tlg yet 
( 2 u (24 gaktiı k+1 O,ar2 er 
In this expression by writing successively n, n—1,..., 2, 1 


for x, and adding the results together, we get 


nr! (n -# per 
2 





= #8 r1= 1510, Ssrrıt 34105 Sa-ıt. 
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where the last term 1S k+1 Or: Sn+2 Or x+1 Or+1 h +1 = 23% accord- 
ing as k is odd or even. 


For k-= 1,4228, 2a weshaye 


0,8; = 28}, 
>C, +9 28°, (A), 
SE RN 
whence suecessively follows that 8,, S,, 5, ... are divisible by 
Dei 
Next to prove for m even, we have in general 
+1 @cat ya - er -Nyen 
2 
ee ih ee 
ar 2 3 2 
zo; («+1 C, +: »C,) ac k + (+10; 4 (5) ac2k—2 -- N, 








whence by writing <=n, n—]1, ..., 2, 1, and adding together 


follows 
n-+ı?" an-+1) nF 


: = 218 2n+9) 
= (+10, +0) Ser + (+1 Q, +,.0)Sa—2+:-, 


where the last term is (+10; + »C%) S:+1 or (»+1C%+1) S; according 
as k ıs odd or even. 


Here by writing successively k=1, 2, 3, ... we get 
GE, +) =8&,2n +1), 
GH +0), +%=28°2@n +1), (B), 
(40,430) 8 + (4QG+ DS, = 2°8,°(2 n+ 13,2 
whence we infer successively that S,, S,, ... are divisible by 
Ss, (2r +1). 
III. 


K. Ogura’s remark in the August number of the same journal, 
pp. 290—291. 


The first of T. Kariya’s formulae 
48° =5385, +8, 128°= 48, +78, +8, 


is contained among the expressions (A) obtained by T. O., and the 
second may be easily derived in the following manner: 


7 a N TE 
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We take the identical relation 


n * 
k+1 
le + 14120 + DH @- DH @2 - Dire) 


j=k+1 u=i—1 
=» | Der + 2 dr lan Unmut, 
21 k=1 i 
where x, k, A, u are natural numbers. 

Here x being put successively =n, n—1,..., 2, 1, and the 
results being added together, we obtain 


; gti 
FEAR) EN —-, Hr! 
i—=k+1,u=i—1 
=: | BI ET EN AERO EN EN AR FE 
Al u=0 


which is our final result. 
If specially we write k=2, we get T. Kariya’s second formula 


N. YAMAMOTO, ON THE INTERPOLATION 
OF A FORMULA.') 

In the continued produwt 1-2-3...(n — 1)n the factors 14, 24,... 
are to be intervened between its successive factors, and an expression for 
the resulting quantity is required. 

The result of such an interpolation can be easily arrived at by 
the application of the I’ function. But we propose to strike a different 
and simpler way in the following lines. 

We designate the continued product of the first » natural 
numbers by | 

(«) Fn)=1:2:3...n—-UDn. 

If » is replaced by n+ 1, it results 

Fn+1l)=1:23...n-Dnn+]), 
whose both members, divided by those of («), afford 


F 1 
rn IE (rn +1), 





or 


(B) Fa+)=-n+1)Fh). 


1) The Journal of the Society of Mathematics inTokyo, Vol. 6, pp. 269— 272, 1893. 
Abhdlen. z. Gesch. d. math. Wiss. XX VIII. 3 
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The value of F'(1) is obviously 1, and successively putting n=1, 
Did we get vr 
bla 
Pi2y—= 221) 1932, 
Pa) Saar else 


Thus by means of the formula (ß), the function F'(n) can be 
evaluated for whole number values of n. 





When we make in (ß) the substitutions n = = 5: A ..., we obtain 
eö)=t8() 
FG) FG)=3 Fr): 
F)=irß=-3ttr0) 


and in general 
ni Ela rl) m nr 
We are therefore only required to make out the value of the 
quantity F (5): | 
In («&) let us suppose that each of 1, 2, 3,... is decomposed into 
the product of two factors, 
=ab, 2=cd,..,„n—-1)=rs, n=tu, 
so that we should have 


r()- 
FD 0b 
F(1,) =abe=1><c, 
P2)=abed—1><2, 
1 


F(2, 


,) =abede=1x2xe, 


Fin —1)=abed...rs=1-2...n—]), 
(7') F(in—,)=abed...rst=1-2...(m—Ht, 
Fin)= wobei... tu 1.2... 


2 N 2 
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From the combination of the two formulae (y) and (y'), it results 


2n—1l 2n —3 10.0.8 1 
= 77, rG)-12.:00 Di, 


whence we get 





or squared 
[ a ? 
2 2/|.. 9:25:.49...(2n— 1)? «€ 
which, multiplied by 
fe a: | n 1 
Um 2FsE. Fine Var 
becomes 
| ee BER N & 
u s) 4093795, 49% 2n—1) n 
2 
BuHu=N ı.. 125 2 RR 
N” U N U 


We have therefore 
a TE VIER 
(6) IF()! Et ee ge 
When n is a sufficiently large number, the quotient of the last 


two factors in («), namely, ar ‚ has a value that approaches to unity 


and it becomes at last = 1 in the limit for which „= x. It ought 
the same circumstance to reign over the formula (ö). We should have 


N 
n 


therefore u —= 1 in the limit » = ©. Consequently it follows from (6), 


when we make n = 0 in it, that 


male. n.“ | 
1765) Er TER ad. inf. 


1 1 1 
Re 
which, we know, is equal to m. 
1 ec 
We get therefore the required formula in the form 


m 7258.0.6 MAR 
ER)=-5'5:5° 3 ”S 


5* 
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K. MORI, A STUDY ON THE CUBIC EQUATION.) 


In the following lines we give a method for the solution of the 
cubie equation, that is different from that of Cardan. If our process 
will not be very convenient for practical purposes, yet it is not without 
some theoretical interests. 

1. In the equation 


= +A®+Be+l=0, 


let it be supposed that there exists between its coefficients a relation 


of the form 
Fr"W:f(r=2 
In this case a simple transformation enables us to solve it. For 


the substitution, 2 = n + 1, transforms our equation into 


yi + z SR + (DE TAD_N, 
or 
1)2 "(1)2? 2? 
+ te 9 tm 
Here 2 may have any arbitrary value. Let it be determined so 
as the coefficient of y? should become 3. 
Then making use of our assumed condition, 3f(1) gi (1) = 27f.(D% 


we have 








a er 
af) „Eu — RE 


Hence our equation becomes 





yP+ 3y + 3Y er ar ee 0, 
or 

af 
ON 





(ul 

which is easy to solve. 

2. Now any equation of the third degree can be brought into 
the form just considered. 

For let 

fd) +pR+ge+r=0 

be a cubie equation in its most general form. The substitution = y/m, 
where m is an yet undetermined constant, transforms it into 


+ pmy + gqmdy+rm’=0, 





1) Journal of Phys. School, Vol. 3, pp. 276—279. 1894. 


a Ye ee he 
an ne 
| 
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in which we may impose on m a value that will arise from the relation 
rı)f'A):f'(1”=2:3, that is, from the equation 
(@—-3Spr)m’+ (pa -ar)m+p—3g=0. 

The value of m determined from this equation being substituted 
in the equation in y, it assumes a form as required. 

3. From the above consideration our process appears to be applicable 
to any equation of the third degree. When the value of m is easily 
obtainable in a simple form, the process will present no difficulty in 
practice; but if m becomes imaginary, there will arise some practical 
inconveniencies. 

For a real value of m there will correspond a real root in x, the 
remaining two being imaginary. | 

When m has a complex value, the equation being in the irreducible 
form, it will have its three roots all real. 





K. MORI, ON THE SOLUTION OF EQUATIONS IN ONE 
UNKNOWN QUANTITY.') 
1. To find a function f(x) that satisfies the relation 


fa" +af@)=1, 


we assume for f(x) 
f()=-AtAh2ztArR°+..., 

and substituting it in the equation, we obtain 

A+A4A:+42°+..7 +2 4+Ar+4%°+..)=1, 
whence the comparison of coefficients leads us to the identities 
A], 
nA "A, +A=0, 
nA iA, + N 4242 = 0, 





n(n—1) . nn—1ı(n— 2 
En para A, HERRN 4a + 0, 
or what is the same thing, 

1) The present paper is compiled from the results of two papers published 
by K. Mori in the Journal of the Physics School in Tokyo with the titles On 
solwving the equation of the fifth degree (April, 1903), and On solving the equation 
with one unknown quantity, which appeared in several parts from May to December 
of 1903. 
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s 
1 n—3 
A=1, hi Ta Ares en 
(n—4)(2n— 4) (n —51(2n —5)(3n —5) 
Anne Ar 


We have therefore for the expression of f(«) 








: x n—-3 „m -Alan —A)Ts 
PER Mer a 3! m? e 
m-5)(an—5)an—5) 4 
—_ — : a 
4!n 





2. This expansion is directly applicable for the determination of 
another function defined by the equation 


par + xp) =”. 
For writing p(z)=tf(«), this equation reduces to 
rar keit 1. 
We get therefore by last article 

















Pe N re (n—H(2n—4)x? 
nit nenn 31 ns —D 
(n-5)(aAn—5 dn—5)x’ 
ne) B% 
or 
( u na . n—4)(2n—4)a° 
2 wir Ta a na singe 


(n—5)(2n— 5)(3n—5)x* 


Al nttır 5 








But if we make in the binomial expansion of 


& 


e en 
lee) 


the value of & in each term separately equal to the index of £ in 
that term, we shall evidently arrive at the same series as the above. 
A ‚series of this kind will be conveniently denoted by 


& 


s-(1 + ed) in 


where the symbol S indicates the said property or operation. 
We have thus 


& 


9) S-(I+at-n) ". 


We designate the function 5 as a root function. 
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3. From what has been treated in last artiele it is evident that one 
of the roots of the equation 
ol" 
can be expressed by 


[04 


>> { | Ann 
4. Next in the equation, 


m 


am La — in", 
make the substitution =” —=y, and it will be reduced to 
Y ’ tray= BT, 


so that we get by last article 


Da) ART", 


and hence 


na 1 
m — —| — 


u Is: (1 - at") as 


In cases where the expanded series are found divergent, the 


series in the expansion of 
may, 1 


t „ 1 — n m 
2155 a ) 
will be necessarily convergent. 
From the result in this article the solution of the quintie equa- 
tion in its reduced forms can be effected in an easy manner.) 
5. The root of the equation 


am 4 u 0" = Ah 


will find its expression in 


[104 


2-8 (l+atr-m) m, 


a result that will be arrıved at in a similar manner as in the case for 
x” +ax=t". (As to the contents of this article no further mention 
is made by the author.) 

6. To obtain the m roots of the equation 


"tat", 


1) The above is the way followed by the author in his paper on the quintie 
equation, where he gives the expressions for the roots. 
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it is only necessary in place of £ to take to forrr —=1, 2,..., m, 
where ® denotes one of the complex roots of @”—1. The general 
expression for the root is therefore 


& 


+ Sn + at mg) m 


7. The equation x” + ax"= t" reduces, through the substitution 
of 2=y’, to the form 


4 vm 
ymtayr-+ (ı 2) — {,’m. say, 
whence we have 
y- sA(1 _ atr m) m, 
and hence 


b, ne ; 
= |8(ltat, ) e 


or the 5 function being expanded, 








»-tl1 a (wm—2vn—1)a? 
2 mi” 2! vmr m”) 
wm—3vn—-1)(?vm—3vn—1)a? )” 
3! y?m3 3 m — nr) 7 D 


where v may have any value we please. 


Writing rn for v we have 








va v(m—2ın—v)a? 
= 1 — _ vm—2%n—v)a? 
mio 2! m? mm) 
1 
v(m—3n—v\?m—3n—v) a? )r 
3! ms mm) "a 


From this we get 








e—-1 P"-1 | a (m —2n-—v)a? 
v 


ntunıe an 2! mr m”) 


A N I ER a 
3! mit mm) rn 


Now we go over to the limit v=0, when it results 


a (m — 2 n) a? 
mir 2 mim) 


(m —3n)(2m—3n)a° 
31 mim —n) 





+ 





log = logt - | +2), 


that is, 


Sr 
2 
I 
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& 


log2=logt + st! (1+ atı—m) m _ 11, 
and hence 


| 
Se 


z=te 





a 
This result is capable also to be written in the form 


2 —t|cos h sta + at) m _ 1 


+ sinh stia + at) m _ 1} 


8. The process just described may be advantageously applied to the 


. solution of some transcendental equations. 


Thus we take the well-known equation 
(1) e—=1-+y. 


Here the value of « is to be expanded in terms of y. 
For this purpose we first take the equation 


& Re) 


N 





u . . . 
= ‚ when our notation will give 





and solve it for 


@ 


t nl ach 
——=8—(1- tv) jr 


where t is to be put ultimately equal to unity, after the indicated 
operation is effected. 
It follows then 


& 


Kr 0 BaN im, wi 
Denn er yt ) n, 


or, the expansion being carried out and £ being replaced by its ulti- 
mate value, 


3—N oo 4—n)(4—2 
(8) Bytaat ne ae 
Now, in going to the limit, for which » indefinitely increases, 
the equation (2) reduces to (1), as will be easily seen. We deduce 
therefore the value of x, that satisfies (1), from the formula (3), by 
making n = x in it. The result is 


2 3 4 
=y-4 + -%+... 
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9. A second way also grounded on our method may serve for the 
solution of the same problem. We form the identity 


WO UNTER 
or as we choose to write 
ar=(l+y)ar — yarııla), 


and we shall consider (x) as the unknown quantity, while the x not 
enclosed in brackets will be treated as were a constant for a while. The 
root of this equation, thus considered, will assume, after expansion by 
our way, the form 





ı! 


a aller) 
na+y)"  2aln’i+y) 
(4 —n) (A—2n)y? 
2) 3(m—1) 
Im’ ty) " 
From this formula the factor & being cancelled out, we get after 
transposition 








Ft 
„latm®-ıl_ v (nv 
Be Br 


(+y)" ED an. 


We now go to the limit n—= ©. Then since 











al 
im, on (ES Nee | — log (1+y), 
we get 
al Re An ng ER 107 u, 
10. To sowe the equation 

(1) er 
we start with the equation 

(2) zum = ft" + amar, 


whose solution is, as we have already seen, 


(3) I SZ (1— amt" m) m, 


Mr ar IE 


a 
= 
j 
h 


EN 
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We can rewrite the equation (2) in the form 
RN 
m m 
which, in the limit m = 0), reduces to 
logx = logt + aa”, 
an equation that expresses the same thing as (1). 


Hence the required solution of (1) will be obtained from (3), by 
making m = 0 therein. Therefore we have 


(14 2n) at?" r1 (1+3n)?ası?*r1 
2! 


=t+at"r!}+ f 


11. If we put {=0 in the equation of last article, and change n 
into —n, then we get the equation 


n 
1 Pad er er 


at the same time the solution assumes the form 





| Fanaı AL En)ta: 
z=1l+ta + | ek eE a ® 
12. To solwe the equation 
(1) z=logt + ae*. 
The solution of 
(2) eME — im 4 amer? 


wıll be obtained in the form 
Meer m). m_1 
or 


(3) z=logt+ sta — amtn—m) m —1 | 


n 
SI 
e —=te 





But we can write (2) in the form 


mz m 
a | tt’ —1 
a RR ee SE A - Üer*, 


which reduces to (1) in the limit m = 0. 
The required solution of (1) will therefore be obtained from (3) 


by making m =0. The result is 


3n?a?t?” An®att*” 


RER ENT Tr tn 





13. Expansions of sin x and cos «. 
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By de Moivre’s formulae we have 
(cos + isinz)"—=cosnc +isinnz, 
and | 
(cos 2 +isin x)" —= C0OSsNX — i sin n&. 


By subtraction we get, after a reduction, 
(cos x + i sin ©)?” — 2isinnz (osce+isna”=1=1?". 


The quantity (cosz-+isinz) being considered as the unknown, 
we obtain 


@& 


cost tisinxz= SZ (1—2isinnz: ton) am. 


The expansion on the right-hand side being effected and the sub- 
stitution 2=1 being made, we have 
isinnz sin’nz i(l—n?)sin’nx 


s ‚sinz=1-+ —— — nn 
en x 3 N 2!n? an? 





2?) sin!nX 


(12 
Te 


The separation of real and imaginary parts gives 





sin?n& 1 — 2?n?) sintnx 1—22n?)(1—4?n?) sin®nx 
cosxt=-1— LT u 
2! 4a!n 6!n ’ 
and 5 
: sinn& 1—n? sin’nx 1— n?)(1— 3?n?) sin’nx 
in ne en ra 
N 3!m? 5!m? 


If we make n= 0 in these formulae, we shall then have 


2 x 
OB a a ee 
and 
e > “° 
imnI=4— rt: TD::- 


RE 1 
When the substitutions = max, n= „„ are made in the former 
expressions, we shall have 


cosmt=1— 











m’sin’c , m?(m?—2®)sintz m?(m?— 2°) (m? — 4?) sin® x 
2! a! er 6! BEE 


m?(m?— 1°) sin®z _ m? (m? — 1?) (m? — 3?) sin’ x 
EB, IE ee er 


Thus we have arrived at these longst known formulae through our 
own way. 


14. In the identity 
ezi — 2isinz.e!—=-1=1t?*, 


if we consider e temporarily as the unknown quantity, then we have 


sın Mt = msn & — 
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& 


| t IR Bye 
x ER a 


or in its expanded form, t being replaced by its value, 
sin & E sin? x 1 (1+z2®)sin®z (1+2?x2)sintx 
& 210° 310? 4! x* 


(1+x?) (1+3?x°) sin? x 
ai —+... 


e=1+ 








+ 


15. In the last place we proceed to the establishment of our process 
for the general case of an algebraical equation. 


The root of the equation 


a” + re 
is evidently 


5 ee 
a ed 
or expanded 


From this we guess that the root of the equation 
Be MARI aa Im ir 
is capable of a similar expansion. We therefore assume for & 
BERATEN) 
Thus we shall have the relation 
G+A+4A1t7!+ 417? +...” 

ORGA AL EL A mn 
a NE a 


A comparison of coefficients in this relation gives for the A’s the 
values on calculation: 





a 
2 

n 

(i—n)a,’+2!na, 
2 Te 

(2 —n) (2 —2n)a,’+3!n(2—n)a,a, 
ee 3 

4 

(3—n)(3—- 2n)(3 —In)a,t+5 n(3—n)(3— 2n) a,°a, + .n?(8—n) G.? 

= 4!m?® ; 


ar ar DT En, U, 0 0 EEE Er RE RT. 
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We have therefore 


a, A-n)a’+2!n, (—n 2-2n)a, +3!n® ma, % 
N 2!n®t sin’t 


But the 5 function 








i=t-— 


& 


Ss Dt ee 


will be found on expansion to be identical with the above value of «. 
We have therefore 


& 


t BNIE NZZ 
8 Al+at7'+@tT?) 


as the root of our equation. 

A repetition of the same reasoning Fl give step by step the 
roots of the equations that contain 4, 5, 6, ... of the highest terms 
in x; and finally for the equation 


+ ae Tine T—Ht..: 4 mr = 


we arrive at the solution in the form 
& 


ni s-(1 +at!+at7?+...+ a, tn) 


or, as may be written also, 


& 


Res (gm Hate ip ar 2 


By ee t by to’, where &® denotes one of the imaginary 
roots of @— 1=0(, and where r stands forr=1, 2, ...., n, the ex- 
pression above obtained may be made to represent the » roots of the 
equation in turn. 


K. MORI, ON A FUNCTIONAL FORM THAT SERVES 
THE SOLUTION OF AN EQUATION.) 


$ 1. We consider a function of the form 
(1+/f@N pl), 


where f(x) and p (x) are any functions of x, and where the symbol Ö 





1) The Journal of Tokyo Physics School, Vol. 15, pp. 331—335, Aug. 1906. 
It is there stated by the author that the present article is an abridged re- 


production from a newly written work with the title of The Sögo-Gaku, that is 


intended for publication. 


« 2... 5 Pech. 
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stands for the differential operator u, 
to be carried in such a manner as follows: 


whose operation we suppose 


+ Fa [1+ 81) +, 


($—-1)(d — 2 
EL 2 sa) +. 


(6-1) — d— ; 
+ Ach Da=n...0-r = +... 9(@) 


y! ! 


= (+) 


Eon? ’ 
u TEAGRR BECK AGD En 


ge (X) 


+8 Br POP) + 


We designate the last member of the above equality as the value 
of the first member. | 

$ 2. We adopt for the value of {1 + f(x)}’p(x) the notation of 
the form 


stı+f@pa) 


Since this value is a function of x alone, as will be seen from 


S 1, we can put 
Stl+r@P@]=v(). 
In like manner the symbol S[f(d:x)] will be employed for the 


result obtained after the operation of ö in f(d x). 
S 3. To evalnate 


d 
Ss[ıI+f@) "Pia)], 


ah 
VE TE Wo) ei nn 


we put 


_ and differentiating both sides we have 





— nn ""ide=dy, 
d 1 d Ö 
S ? un en | Mrs = — et ie Te ee 
Yaa* re re n dx n? 


which we denote by Ö,. 
We get then 
ö 


BT: 
sit + fa) "gpia)| = sltı + rl -)} ey .)| 
The value of this formula will be found by $ 1. 
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$ 4. We have as is well known 
rar par and (Ö + mar = (p + m)"ar. 


These formulae, denoted according to the notation in $ 2, take 
the forms 


S[H”a2r] = par and S[(d + m)"ar] = (p + m)" ar. 
85. ms) = 80 mar], 
for by $ 4 we have 


ra Sl Klier a EN 
and 
S[(& — m art"]= (p + m — mrart® — praptm, 


$ 6. auS[f(d-2)] = SIfL@ — m)a}arl. 
For, if we put 
(I) f(d-x) = Adrar + A, mar + A,b0raep +... 
the general term in the expansion of the left-hand member of the 
formula to be established will be, by S 5, 
x" S[A,0”" x] = S[A,(d& — my" at", 
so that, 
x” S[f(d-x)] = S[(d — m" art” + A, (ö — m)u zpı tm 
+4( -m®»artm +... 
+A,(d m) er a 
— S[{A/d — m)" x? + A, (d — m)" xPı 
+A($ mr ar +... 
+ 4A, - m)” ar +... 0m]. 
The quantity within the crooked brackets is the same as f(d x) 
by (I) with the difference that d — m should be written in place of d. 


Hence our formula follows. 


SSLEIE 
Erg 
( FA i+ lea) =; 
we shall have 
(1) STt1+ f@)F@] = Fip@)}S[t1+ f@)]. 
For according to $ 2 we may make the replacement 
SU +fr@]=-v@), 
and by multiplying with the factor x”, we get 


Pr 
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SII+/@IL+ Fa" ar] = ar), 


which, multiplied with — ZW, gives 


Fr : po ) 
su + rar + rar] av), 


where F'(y) denotes an arbitrary function of y, which is independent 
of x. 

In the above formula, taking for » successively the values 
er. t, sc. we get 


AL 
STH OP PH NO Fer), 
s[ + ra + 2- vo), 


BE Eee DEE re rn ai rat re m 


a GE Be Be N Be TE En rc , ie ef, rn, 


These expressions being added together we obtain by Taylor’s 
formula 


SI +r@P Fly+ IL + F@)-!2)]| = Fy+2)v@). 
_ Making the substitution y= 0, we have 
S|{1+ fa) F(1+ f@))-'2)| = Fa) u@) = F@) SL +) 
But F(x) is an arbitrary function of x, so that we can write 


F(«) = Fip(@)), 


and so also 
F(i+f@)2) = Fl +F(P@]-"9@)). 


These values being substituted the above formula transforms ınto 


SI + Far FL + a) -"P@) | = Fie@)stti + F@rl 


But p(x) is also an arbitrary function, so we may choose for it 
the existence of the relation (I). We have then 


Sstl+ fa) F@)] = Fiy@)S[tL+F@)] 


which is the formula that was to be established. 
Abhdlgn. z. Gesch. d. math. Wiss, XXVIIZ, ’ 4 
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SELTEN 


(A) p’a)I+fip@))]=r”, 
then ’ 


) 
a)  s[u+r@a) "F@|=-Fio@)slti+re) "|. 


For f(x) in last artiele is an arbitrary function, so that we can 


write for it s 


2 eilt h@). "1 
without introducing any restriction whatever. 
In this case we get 


(III) sItı+ a) -S|f1+ Aa] 
At the same time (I) in $ 7 becomes 


1 


1+ Alp@)}]” pl) = 8, 


(IV) ya)ll+ rip] — x", 
and (II) in $ 7 becomes by (III) 


n  s[u+rna" rw] Fie@isfi+r@”] 


When therefore we replace f,(x) by f(x), we arrive at once at 
our required result. 


S 9. The formula of last article adapts itself to a wide scope of 


applications. As an example we apply it to the solution of an equation 
in one unknown quantity. 


In $3 we may write =1t, p(x)=x, and thus we have 


&) + ft”, 


d 
m  slu+ro "Fo|-F@s|t+ro "|. 
From (II) we get | 


or 


=> e 


d 


s|tutrol " Fo] 
un Fa 


si +ro)””] 





d 
where d = Zr 


The formula (III) represents an arbitrary function of the root & 
of the equation (Il), and the numerator and denominator can be 
evaluated by $ 3. | 


» ul 
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If we put F(x)=x, we get 
ö 
s[tu+ro} ":] 


= = RT 
s[tu+ro) "| 


which gives the general solution of the equation (I). 





U. FUJIMAKI, ON THE SUM OF A HARMONICAL 
PROGRESSION. 


I. 

In the Journal of the Tokyo Physics School, Vol. 5, pp. 235 —239 
and 265—268, August and September, 1896, U. Fujimakı gives a paper 
On the limits of the sum of a harmonical progression. 

There he begins with these words: 


“As we believe, we cannot, at the present state of knowledge, give 
an expression for the sum of any number of terms that constitute a 
harmonical progression. But as to the limits between which such a 
sum would lie, I once learned from a friend of mine, that those limits 
could be calceulated in some way or other. Instigated by my friend’s 
words, I set myself on a study of this subject and have come to a 
result tolerably agreeable.” 


The author then proceeds essentially as ın the following lines: 








If we put 
1 1 1 1 
ER a+b ER a+2b URS RSE atmn—1.b BER 
then we have 
b b b b 
1) ERBE a nn en 
By subtracting both sides of (1) from » and rearranging the result, 
we get 
a—b a a+b a+ n—2)b 


Sr RETTEN er ee 
When a—b and b are both positive, the left-hand side of the 
last expression will be greater than » times the geometrical average 
of the constituent terms, so that we shall have 
4* 


N). 
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" Be 
WE bs, E nV 


or, after transposition and division by b, 


n | Aa 
(2) Er 4 2 Van) 53 Dr 
Similarly, by adding » to both sides of (1) we deduce 
- 1% and | 
@) ala, 


By combining (2) and (3) we obtain the formula 
n | 17, 0=-D% n |/a+tnb 
a 31-Vaem>s>3 Ve 1) 


In the formula 
“ x”? x 
we assume x to have a positive value and we get 
e>1-+1. 


For values of x that are less than 3 we obtain from the formula 


Ra FRA ERTE x x° x 
e -1-2+5(1-5)+4(1-5)+-- 
the inequality 
eTmar> 1 —g, 
In the former of these inequalities we make x successively equal 
to the terms of (1), and it will result 
b b b 
-_ ab Era 2b ER 
eı > ae ee+tb —, N ea tn —1)b >> 
All these inequalities being multiplied together, we get after 
reduction, 


arnb 
a+(n—1)b 


ed Ss >> Be 
whence ıt follows 


(4) Di ; (log(a + nb) — log a). 


From the second of above inequalities, @.e, er>1>x, by 


b b 


b ; ; & 
putting ey ab’ arap’ "In ‚succession, and treating in a 





similar manner as in the former case, we get 


(5) S.<, {log (a+n — 1b) — log (a — b)). 
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The combination of (4) and (5) gives 
(b) | llog(a +n— 1b) —log(a—b)}> > n (log (a -+ nb) — log a). 


Replacing S, in (5) by its terms and substituting @« + b for a and 
n for n— 1, and 1/a being added to both sides, the result will 
assume the form 


(6) S<. + 1 flog (a+n— 15) — log a). 
From (4) and (6) it follows 


(e) 


Although the formula (a) is not convenient for practical purposes, 
the formulae (b) and (c) may serve for calculations, since in these 
the difference of the upper and lower limits, between which the value 
of 8, lies, may be made so as not to surpass a certain quantity for 
any value of n. 


: z - log (a + n — 1b) — logal> > + log (a +nb) —loga): 


In fact, since b is positive as we have assumed, we have 


log (a+n — 1b) <log (a + nb), 


or 
: (log(a +n — 1b) — log a) < (log (a + nb) — log a}, 
so that 


- de > (log(a+n— 1b) — log a)| m - (log (a + nb) — log a) 


h 1 
is always < 
Ps 
Hence when the value of __ is very small in comparison to the 


value of S,, the quantities 


- E= r log(a+n— 1b) — loga! or , log (a-+ nb) — log a) 


may serve for an approximate value of S,, the deviation from the 


. 1 
real value being less than 77 


ir 1 1 1 
As the quantities _, _ TR 


of magnitudes for positive values of a and b, so making » sufficiently 


.. form a descending series 


1 . 
great, the value of _ may be made as small as we please in com- 


parison to $,. Hence in a descending harmonical progression, by 
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suitably choosing the number of terms, an approximate value of their 
sum may be obtained. 


Example 1. In (ce) put a=1landb=]1. Then, since log 1=(, 
we get 


l+logn>1+, +3 4+...+->kg(l+m). 


Here the difference between the two limits is less than 1. This 
formula therefore enables us to obtain the value of the sum of any 
number of terms of our progression within the error of 1. 

Example 2. ]lf we put «= 1000, b=1, and make » = 10001 
in 2 we get 


+ log 11000 — log 1000 > 095 + jogr +; (10001 ters) 


> log 11001 — log 1000. 


a 


Here we have 
log 11000 — log 1000 = log 11 
| — log,, 11 >= log 10 
—= 1: 641393 > 2: 302585 
= 2 IN: 
Hence the sum of this progression is less than 2.3979 +: 001 
— 2.3989, and its difference with the real value is less than - 001. 


The value we have obtained is therefore correct to the second digit 
under the decimal point. 


Now to return to the formula (a). 


In the expression (2), replacing S, by its terms, we then sub- 
stitute a +b for a and »n— 1 for n, when we get 


az a 
n—1 a | 1 1 1 
Dy E -V ao] > a+b ar a+2b RS a+n-—1)b 
ee | wre 1 nn 
1 Ms 
EG = Var 1b ‚> 5 
Hence by making a little change in the left-hand member of (a), 
we obtaın 


eV 


This formula (d) may be made to undergo a further trans- 
formation. For in the general formula 





or 
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et 


z=1+logr+ > (log 2)? + 2 (log x)’ + 


if we substitute 
n—1 


a a+nb 
Vin and V a 


for x, and if we denote the’ logarithms of these quantities by 


_# ‚and er respectively, so we shall get 
ra a p a da ap: 
Vereni ER ETEERART n—1)? 3! (m—1)° DR 
and 


n rn A 
et: 
These values being substituted, (d) becomes 


1 » 1 p® 1 p° 
(e) ars am mim 





>>, tat. 7 
where we write 
—= log{a + (n— 1)b} — loga, 
and 


q= logia + nb) — logu. 
Again in (2) make the substitution a = a + b, when it becomes 


n 1/ a 1 1 1 
ar = Val> ER Er ee 
whence we deduce 
in VEERHES 1 n[Iyatnd  ,\, 
+ Verl > > az 1] 
The expression 
F BR q 43°0> 1 q° 
0. Tim te 
is obvious from a formula already employed. When this is substituted 
in (f), we obtain 


er q RR Sea Sean In 
(8) a a+nb + b 2nb #2 Im: 











>>, 142. AT ut 


For the purpose of caleulating a value approximate to S,„, the 
formula (g) will be evidently more convenient than (d) 
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Example 3.:. Here we have to calculate the second example by 
an application of the formula (g). Necessary substitutions being made, 
we have 

1 1 Lg > LRoeg® 
1000 11000 7 1” 21 1006 7 31 10008 — 


1 1 1 
> 1000 7 1001 7° 7 10999 








HL 9 
IT 91 1000 7 37 10008 Por 
where 


q = log 11000 — log 1000 
— log. 117=2:391895: 


Add en to each member of above inequality, and we have 





1 1 1: - 
za Sys Lern: a 


The average of the two limits being taken, we find the sum 
required at the value of 2-3984. This approximation is correct to 
three decimal places. 


IL 


Some years since U. Fujimaki had made public his researches on 
the limits of the sum of a harmonic progression, there appeared in 
the same Journal an essay contributed by T. Kariya concerning on the 
same subject. His paper is entitled On the sum of a harmonical pro- 
gression and we find it in the January number of the Journal in 1904. 

T. Kariya begins thus in his paper: 

Chrystal says in his Text- Book of Algebra, vol. I, p. 278 that the 
formula that expresses the sum of n terms in a harmonical progression 
has various forms. From this it will be evident that there are several 
expressions already established for such a sum. Here I give a result 
of my study, which is however no more than a rewriting of the series. 

Writing 

1 1 1 1 . 
De Be ae 





we have | 
1 
in - (@-: + gatb—1 — gat20—1 ae ea 28 AN dx. 
0 
But as we know 


ge—1 an gatrb—1 ..- 2°) u zatn—1d—1 — ya—1 er‘. 


so that 
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1 nb 
1—x 
Ir dx 
1 — 
„etnd—i 
= + fe > 08. 


The substitution &° = y transforms this into 
er a 17? er, 
1—ı 1 1—ı 
= — 1 ; LET end Kr ARTE 17 
a 0 I YJ ur 0 Ir YJ : 


which, expressed by aid of the gamma function, becomes 








1 la log r@)| 








(Ra _ 1)jdlogT(«) 
b da | b dz £ 
WIDER a 
d d 
or 
ein 
d2logT’‘(«) 
= fi dx? dx 

Note. Since 
dlogT(ı) Y 1 1 1 1 t 
Be": Zu (1 u 2) biz & I a n= & ae EN Ta 


R S--C+(1- En) i5 € Bi En) x ee) SE 


RE ee le ran) 


b b 
es “at2D BSR a+(n—1)b’ 





that is, it FR on the original expression we have started with. 

It is therefore doubtful whether the sum of a number of terms 
that form a harmonic progression can be found in the sense as it 
will be said about an arithmetic or geometrie progression. 


II. 


U. Fujimaki, after the publication of his first paper, had continued 
in his study of the summation of the harmonical progression, when 
he achieved on the basis of a formula of Euler a method of giving an 
expression in the form of an infinite series for the sum under con- 
sideration. And now T. Kariya’s preceding paper being published he 
soon afterward brought out the result of his subsequent studies.') 


1) Journal of Physics School, Vol. 13, pp. 208—213, May, 1904. 
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The said formula of Euler is thıs: 
Sen | 1 
Zda)=0+, | Dla)dz — De) 
8 5 
+ B,®'(@)2. — B,0” (a), + 00), —.. 


—1 


Dr n2 n 
+ (— 1" Hr! Bon _ı DARrZI(K) an EEE 
where = a + nh, n being a positive integer, and 


2d(x) = Bla) + PDla+h)+Bla+2h)+...+0(&—h), 


and 
1 7 f h 
—z |} Dla)da+,®(a) — B,D(a)z; 
h® h’ 
+: B,9.(ar: 8, 0Mla 
where B,, B,, B;,... are Bernouilli’s numbers. 
If we put &(x) = + we have 


ae 1 1 
DO) a 


oo da -/“: — log, | 


d’ («7 Be & 1 r! 
dx" en 


and 


& (r) (x) — 


so that the above formula reduces to 


1 1 1 1 
BERLIN ER AeT, 
h 1 art —ıh „—3!h? 
ET ee 
2n—1 
7 (— El Be 5 a +. 
(2m)! 


FR: 


that ıs, 





1 1 1 1 
er ee nr, 


el +7 ‚log (a + nh) — 2 are 


B, h? B: h° 
STE E une + z mn 


bi & 1)" Ban—ı nr 
{ 2n (a-+nh)”” 





where 
ee I BIER EN u 
Sal er BAR aha sa aaa ; 


a 
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By putting 4 = 1 in this formula we obtain 


1 1 1 1 
(2) ee chen 1 
= (Ü+log(a+n) — ER BUCHE 


2atn 2 (a-n)? 








BE EBEN 
Br 4 (atn): 6 PERF ENT 
where 
Re, DER Be Be Bun 
ra date 
We have also | 
1 1 1 1 
a ee ned 
Be ir = | 
| FR Sa RR 7,7 n- 1] 


or the quantity within the crooked brackets being compared with (2) 
and S being denoted by b, 


1 et Basel 
9) C++ - gu 2 om 
Dun Be 1 
Ti O4 ont .)b 
where 
rk Bet Br0T 


! Ren 11 = er . a Mu 
N A De Saar mr ae Ve TER ER L 


The formulae (1), (2) and (3) express the sum of n terms of a 
harmonie progression in infinite series. These series are all convergent 
and their degrees of convergeney increase with the values of ». The 


values for (' are convergent when ee a, b are not less than unity; but 
there may happen cases where they are still convergent for values of 
u a, or b, that are less than unity. To procure a rapid convergency, 


however, it is necessary to take large values for these quantities. 
Ef we put a=1 in (2), we have 


A) I+S ++... 4 





DO B; I 
= (l+log(n+1) — a ntı 2 m-tn! 
B, 1 B, 1 
Er Re m 


where (' assumes a value that is usually called by the name of Euler’'s 
constant, namely, -5772156649... 
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When we have to calculate the right-hand member of (3), if the 
value of b is not sufficiently great and so the right-hand side of (3’) 
converges very slowly, we can better strike the following way. 

We 7 from 3 





1 1! 
te 
HS EB Bl 
—- (Ü+log(a+r) — 2,0 FU 92 (a-r)? 


BEL BET 
Tab samt 
Subtracting this from (2), € having the same value in both and r 
being less than », we have 





1 1 1 
RT En 
pe BR BARAL 
belt gan 2 a En a Go 
et a BERN B, FE 1 
Burn) 4 yars ta arme at 6 (at) 
Bid B, Rd 





Zaren 2» amt ai en rer) 


Now a being replaced by b (- ) we have 








1 1 
ee 
ELER, 1 B.M 
=Crlg+n)— er 2 ats 1 ein 
where 
rn R 1 E 1 B, 1 Sigi, L- BD; is RE 
(= log(b-+r)+ 2 ar > (b-+7)? 4 br T 6 (b4m° 
We have then 
= 1 1 1 1 
eg ne Eee a een, 
1 1 1 Hi 
NET EFF E SS eig, 


at 1 1 
Taleptötrgi tt ee 
1 1 1 1 


Sattler te Te dd 
1 B, 
+04 log Baer, amt? 4 En: 
DB: 
at) 
where 
But BA 








! h o = Re ehr 
N OT ZUEbEN Hunt Bar ap en 
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The value of C in (5’) will be seen considerably rapid in its 
degree of convergeney when compared to that in (3). Consequently 
we have more advantages in the employment of (5) and (5") over (3), 
when the value of b is not great enough. In this case we must 
however directly calculate the sum of the first » terms, the number r 
being to be taken at will. Of course the greater the number r the more 
rapid the convergeney of (. 


Example 1. To calculate 

Dat 1 
| fr ek Fan et 
We have from (4) 


Dr 

2.11? 

a 
TOT NEE 


Ya SG | Le} 1er 


log, , € 3>112%,1241° 120 11 252 116 ee 





14243 +...+5=CH+Hlgll-25+ 


=(Ü+ 
— .5772 +2:3979 — : 0455 — 0007 +... 
22 9289. ; , 
Example 2. To find a hundred terms of 
1 1 1 1 
FEan. EA TEE TER 


Here we employ (5) and (5). Leaving the first seven terms for 
a direet caleulation, we have 





A 1 
tatat ta . 
1 2 et 1 1 
lo en 
| +log (3 + ) 2 2.4100 12 (2 4 100)° 
where 
| 2 PN 1 1 1 1 
C=-lg(;, +7) +, ss +53 - nn Prig 
(; ) 2217 12 (247) 21 (@ 47) 
—= — 2.0369 + - 0652 +: 0014 —.... 
— — 1.9703. 
Hence 


1 1 1 | » - 


21 Des 
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The sum of the first 7 terms ıs \ 
1 1 1 1 h 
The required sum is therefore 
1:0962 + : 8789 = 1 9751, 


where the last digit is not necessarily exact. 





T. HAYASHI, ON A CONVERGENCY-TEST OF INFINITE 
SERIES WITH POSITIVE TERMS.') 


Cauchy proved that the infinite series with positive terms, Ia,, 
is convergent or divergent according as lım Va„<> T: 

The test we are going here to give is merely a simple trans- 
formation of this test of Cauchy’s. 

Let f(n) be a function such that lim f(n)= x, and let us write. 


1 
fin) e 73 Am) ee 





or 
RS 
Van = | rn) } 
We have then 


; n 2 ale, 
lım Va, — lme "r=e 


— lim rn 


d 
The series 2a, is therefore convergent or divergent according as 
lımr„><o0, that is, according as 


#: 
lim f(n) | 1 - a,"7@ | St, 


The advantage of this convergeney-test lies in the arbitrariness of 
the funetion /(n). 
The following series suit themselves to a test by our criterion: 


Til @n—1)2 |” Y [log (kn — 1) \*'°8” 
> | >= 


EN ee x 
> 144 +3 4+...+4] 


1) Journ. of Phys. Sch., Vol. 7, pp. 161—162, April, 1903. 
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EN Bars 
& n M 
BER (Yn) | 


2 Vn®#(yn) 


where ® and % are rational functions of the same degree. 





T. HAYASHI, ON THE THEOREMS ON THE MEANN. 

The following is the result of two papers published by 'T. Hayashi 
in the Journal of the Physics School in Tokyo, Vol.T, pp. 12-—14, 
December, 1897 and Vol. 13, pp. 46-50, January, 1904. 

1. From the theorem, that the arithmetic mean of a number of 
positive quantities ıs never less than their geometric mean, we deduce 
another, which is new. 

If the aggregate of the geometric means of every q out of n positive 
quantities qa,, Ag, ..., A, will be denoted by 2, V Du irn, 
stand for the number of combinations of taking q from n, then we shall have 





Z, Va. „ 42" Va@ 040 
„0, = nOo+32 
,ga+.<n) 
We have only to prove the proposition for the case = 1. 
Consequently it will suffice to prove 


N NT TEE n—q RES TFT ER, 
L Ruf. L $yT = 

Now if we select qg out of g+ 1 quantities and form their 

geometric mean, there will be + 1 of such means. We denote the 
4 STETTIN 
product and the sum of these geometrie means by IIYa,a,...«a, and 
q DIT IR HP . 
I Ya,a,...q,, respectively. Then we have 
| DIESE 

Hence WS 
“” 
EVA, ...q, 


gq+1 
I ee N 


a4 —— 
Hence 8,11 Ya,a,...qa,rı is not greater than the sum of 








a A 
ER A 

(g +1). C,+ı terms that have the forms like v FE !, But the » 

given quantities will give „U, of such terms and it is 


(g+1)n 041 = Rn — Ca, 


so that RL ae 
u Val... 0172 Vrlg 4. 
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2. The above theorem may be enunciated as follows: 

If G, denote the sum of the geometric means of every r out of u 
positive quantities Ay, Agy- +». An, and if C„ stand for the combinations 
of r out of n, and if we put u — = K,, then 


TUN, 


In eorrespondence to this theorem we have another one: 
We form the arithmetic mean of r taken from n different positive 
quantities and take A, for the product of all such quantities, and put 
2 


r 


(A —=L,, 


VD LIES ARE 


This theorem will be proved subsequently, but meanwhile let us 
look a little around us. 

A. Durand gives a proof to the following theorem'): 

If 8, denote the sum of the products of r factors taken out of 
n different positive quamntities, and ıf we put 


then we have 


then 
MM; MEZ 
Corresponding to this we have the theorem: 
We form the sum of r taken from n different positive quantities, 
and represent the product of all such possible sums by P, and put 


1 


Su 


. 
I 


then 
NEN N eure 


When we compare this theorem to that we have given above 
without proof, it will be seen both express the same fact, that is, it 
may be considered as the same theorem that corresponds at the same 
time to two different theorems. It will therefore suffice to prove in 
one of its forms. We select the latter. 


1) Bulletin des Sciences Mathematiques. (2) T.XXVI. Sur un theoreme relatif - 
a des moyennes. 
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We first assume the relation 
1 = 

7 r+1 

(pr) (pr+t)" 
Sr er ar (r<n-—]) 





to hold good. 
By replacing successively one of q@,, d,..,0n by Qn-ı, and 


multiplying together the corresponding members of the n inequalities 


thus obtained and of the above one, we obtain 
1 1 


(mp7) * (11pr* nn 

U 3 Fa (r+ı)et1 

The quantity IIP, evidently contains (n +1), factors, and also 
contains every factor of the CO, 1, contained in P,„+ı, so that 


(a+1) 07, 


END) 





Similarly we have 
Ey 
r+1 r+1 7 n 
TEBE: — (P/}}) Z 
a2 tr 
1 r+1 n 
En 2a) ent ERER, en+ { 
Bo tel CR N Eh, 
1 1 
+1 Au 
a ar 
er THREE 


- 
(r<n—]). 
The correetness of this formula for =» can be directly proved 


Therefore the method of mathematical induction applies 
3. The following way of a direct demonstration is due to K. Katö 
| Re 


If @, denote the sum of the sums of r taken from » quantities 


it is evidently 
1 

e\On _ On 

(Pi) “5 Pin 


n 


bi 1 


Abhdlgn. z. Gesch. d. math, Wiss. XXVILL, 
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It is also evident that @, is a multiple of Da and that 


r EB r 
), = FR C, > d. 
n 


If weputtr=n—1lorn=r-+ 1, we get therefore 


1 


er 
r 4-1 2 D 
(Pr) RE 1 4. 
r+1 


If we next denote the product of the sums constructed by taking 
r+1 from the quantities a,, @a,... by HI, +@+...+ 4,11), we 
have from the above inequality 


1 
Be 1 
% C, 1 Ge 
II(P/+ı) ee) Na,+9@%+...+4-+1) 
where II(a,+q4,+...+ Aa,ıı) of course represents PH 


Hence it follows 
1 


PRRU N REN r+1 
n(Pi,.) < N) PB, . 
It is evident that II(P;+ı) is a symmetrical expression of 
Ay, Ay,...,d„ and equal to an integral power of P,. It is also evident 
that the same quantity contains RE BIT factors. 
But P/ contains C/) factors. 
We have therefore 





In (Pr))” _ (Pr) + Sr 
1 RAS 





= 


ER LE ITS 
7 IP) en 


er 1 
n 





e’ % er! 
RP AÄGE < (-) ER 


And thence finally 


al 


1 
C C 
(P/) n e re n 
Y FH: 





FEEE2 


as we had to prove. 
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T. YOSHIYE, THE SOLUTION OF AN EQUATION 
CONSIDERED AS A MAXIMUM AND MINIMUM 
PROBLEM.) 

1. There are problems that can be deduced to the treatment of 
maxima and minima. The solution of an equation may be brought 
under such a domain. Here we propose to say something about the 
matter. Although our consideration is applicable in the general case, 
but for the sake of simplieity, we try to treat only for the case of 
the quadratic equation a +2b2e+c=V. 

In a rectangular system of coordinates we take the curve 

y=ax®+2bx-+ ec, 
and denote by A and DB the points where it cuts the axis of x. 

At a point P on the curve near D we draw the tangent p, that 
cuts the axes of x and y in Q and M respectively. Let the tangent 
at B intersect with the y-axis in M.. 

When the point P is conceived to move along the curve towards D, 
the point @ approaches along the x-axis towards B and after coming 
into coineidence with it, then retreats the same path. Therefore OQ = « 
has a maximum or a minimum value at DB. The same will be said 
also for the point A. (This consideration does not apply when A 
or B is a point of inflexion or a cusp.) 

OM being denoted by ß, « is a maximum or minimum, when ß 
becomes = OM.. 

If we write Bu 7 ES A 

’ ? 


then (u, v) represent the line-coordinates of p. If we express the 
condition of contact of this straight line (w,v) with the curve, we 
get its equation referred to the line-coordinates. The curve is the 
envelope of the straight line that satisfies this equation. 

The original equation of the curve being y= ax?+ 2bx + c, the 
equation in the line-coordinates is 


a 0 b u 
EST Ze I 
re EN’ 
hu v 1 0 


or - 
ve YA 2 2 FR 

fuv)=-, +bu+ (b-ay it — aov—0. 
1) Journal of Tokyo Physies School, Vol. 15, pp. 464—468, November, 1906. 
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Since « the funetion of ß is maximum or minimum at A and B, 
u the function of v is also maximum or minimum at these points, so 


that we shall have "0. Hence differentiating f(v,v)= 0, we get 


dv 
Of 
re a” (’— av —a=0, 
whence follows ML 
2b?’ -acd 


This value being substituted in f(u,v) = 0, we have 
w(b®— ac)= (a— bu), - 





or 
[77 
uU= re Seen 
b+ YVb’- ac 
1 FR 
But since u = — et: have as the maximum or minimum values 
of «, that is, as the two roots of a@+2bz+c=(), the values 
=D Ybr06 
A 


2. To a maximum or minimum value of y there will correspond 
in general a tangent to the curve that is parallel to the axis of x, or 
w=( for such a tangent. And conversely, when v=(, y has in 
general a maximum or a minimum value. Therefore, if we write v=0 
in the equation in the line-coordinates, and calculate the value of 


1 Rn: 
ng that arises therefrom, we get the maximum or minimum value of y. 


In the case before us, we write v=0 in 


2 
rw +ß-a)r—av—0 
and we get 
(®—-ayv—-awvw=(0, 
whence 


a 
v0 or v-.— 
b’— ac 
ac—b? 


that is, the maximum and minimum values of y are & and — 





SUIHOKU, SERIES THAT GIVE THE VALUES OF —) 


By the binomial theorem we have 


(A) y1l-sm®do-1- m sin? ® — = sin! ® — a sin’ ® —... 





1) The Journal of the Society of Mathematics in Tokyo, Vol. 5, pp. 283—284, 
1892. Given anonymous under the nom-de-plume, Suihoku-Koji, probably S. Shitö. 


SUIHOKU, SERIES THAT GIVE THE VALUES OF it 69 





But since 
zt 
2 
i 1:3-5:--2m—]1) x 
2m Be ar E 
Fsin 242 2.4.6...2m 2’ 


0 
the formula (A) being integrated between the limits O and = for each 
term, there arises the identity 

7 1 1?.3 10:33+5° 
ii | ea gt STANBI Sr. in 
or what is the same thing, 
1 1 1 1?:3 1?.3?.5 
(B) Isle menn) 
Since the series in (A) is convergent, it may be believed at 
once that the series in (B) is also convergent. 


But the convergeney of (B) may be directly proved; for the series 
within the brackets being rewritten assumes the form 


ee! 
2/2 EA 
east rt 








which is a hypergeometric series and evidently convergent. 
The formula (B), therefore, represents the true value of 1/x. 


Taking in place of Yl — sin? ® the funetion Y1 — sin? © cos?” ®, 
we can proceed in the same manner as in the above. 
Thus we integrate each term in the expansion of the said function 
by applying to the formula 
ee 
2 


; E 1:3-5:--(2m—1):1-3-5---2n—1) x 
2m 2n zer 2 ie r 
sin DO cos?’ PDgdd = 2.4.6...(amFan) 5 
0 





and we get 


: 
/ v1 — sin? ® eos?" ®d® 
0 


_ 1.3.5.:-2@n—1) = | 


A | 1 1-3 
BR te 
Ban a, 2, | 


2 2nt2 24 (2n +2) (2n-+ 4) 
1-3 EBD BAT ER) 
2.4.6120 +2) (2n+4)(2n-+ 6) 
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But 
7t 
= 
N 462m 
eos F 9dd=-,; a 
0 
Hence 
3 1 (1-.3-5...(@n—1)\22n+1 | ee 
(0) / ee ne) eh ar Tee) 








1 1-3 193 1-3-5 | 
24on+Y)(antd) 2:4.6(@n+t2)(2ntH(lant6 
About the convergency of this series we can say the same thing 
as we have done above. 


T. FUJO, ON THE INTEGRAL 
ee dx ER 
Ze 


(ARE 

a 
is usually at once put equal to the function arc sinz, and no other 
proceedings are sought for, as the author maintains. But a change 
of the variable will easily enable us to transform the integral, which 
ıs likewise immediately integrable. 'Thus substituting for x the funetion 

ee, 

4 


The integral 


where A and 5 are constants to be determined, we have after reduction 


£7 


7) AEr EB 
U ———— or = 2 Zap de. 
See 
v 
A 
Here we have to choose for A and PB such values that the 


quantity under the radical sign should become a perfect square; a 
condition that is to be determined from the relation 


1 1 
AB®=, (2AB-1), or AB=7- 








1) The Journal of Phys. Sch. in Tokyo, Vol. 4, pp. 337-338, 1895. 
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Thus the expression under the symbol of integration reduces to 


Hence we have on integrating 
B Wa, 
iu = log 2 — log / — = logz Ve 5 


— log 2i Az = log u 


But A2’— 2x2 + B=0, as we have assumed it. Hence 


where the upper or lower sign should be suitably selected. To that 
purpose we take the negative sign. Therefore 


iu = log BR en | 


— logie —-iy1-2)=log(Vl—- + in). 





TANAKA, A REMARK ON WILLIAMSON’S INTEGRAL 
CALCULUS.') 


We find in B. Williamson’s Treatise on the Integral Caleulus?), 
p. 139, the formula 


Tl de 
( Ja 


which is nothing but a gross mistake. 
Here let us see how Williamson concerns with his reasoning on 
this matter. 


By the substitution = = n, we get 


I de de RER DE ders! 2 da 
1 ER A FI RT Seren ee LA ol-.a® 


and therefore 
% dx 1/° dx I’ de 
Ia- ar 


Williamson makes also the use of his formula thus obtained to 
deduce another, namely, 


ne .a—1 
(B) x cot an |; _ IR. 





1) The Journal of Phys. Sch. in Tokyo, Vol. 8, pp. 12—14, December 1898. 
2) This work was widely studied in Japan. 


72 T. HAYASHI, ON THE NUMBER OF PRIME NUMBERS etc. 


The formula («) is already an error. How can then (ß) hold 
good, when it lays its basis on another that is false? 


The true value of (ß) is said to be found in the expression 


ur? 
SEO Pal 
ee Pas ul — BR; 


for 0O>a>1. 
As the verification of (ß) is involved in some needless compli- 


cations, we shall be here contented with the’ discussion about the 
incorrectness of the formula («) only. 


We have 
dx 1 1+x 
‘E a log 5) + const., 


whence taken between the limits OÖ and o, 


ee 1 110g (#2) 108 (1*%) | 
= , [log (0) — log (- ®)), 


an expression which is altogether without meaning, — mathematics 
has nothing to do with such a meaningless formula. 











Williamson has fallen into his mistake, because he paid little 
attention to the singularity in the problem, in spite of all that is very 
easy to see. 


T. HAYASHI, ON THE NUMBER OF PRIME 
NUMBERS THAT ARE COMPRISED BETWEEN TWO 
GIVEN INTEGERS.') 


We shall here give two formulae that represent the number of 
prime numbers that are comprised between two given whole numbers. 


S 1. The first of the formulae we are going to establish is a 
direct sequence of Laurent’s theorem?), that finds its enunciation in 
Be rates 


1) Journal of Phys. Sch., Vol. 9, 1900. 


2) H. Laurent, Sur les Hoäbres premiers, Nouvelles Annales de Mathematiques. 
Tome XVII. 1899. 
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If we designate 
Men... ale) 
(-2)(- m) (A 0)... (late) 
1-2) SEEN SE 


ee Er ae BE VE Ta ae nn air , rn [een u 


(1 = DIN) (1 un 2) (1 Fee: 27) RR (1 = 237.4) 
with F,(z), then 


(1) IE (de) = =(0 or F, (eg) = n"—1, 
where «& denotes an imaginary root of @#—1= 
| 
Ole OEL TO Er uk TOR er 


where 9 and Q, are integral rational functions; 
| „Fu } 
(3) the residwum of — - (swe fra=1)=(0, or = — n"7?; 
a" —1 Ä 


according as n is not, or ıs, a prime number. 

This simple theorem, with that of Wilson, serves to distinguish 
between prime and non-prime numbers. 

If Rf(x) denote the residuum of f(x), we have from Laurent’s 
theorem 


(a — AN ein 1 
according as n is a non-prime or a prime number. 


It therefore follows that the number of prime numbers comprised 
between two whole numbers s and £ will be given by 


Dez): ver 


n=t F' ‚() n=! 9% Fl do 
AR 2 a ed ED ee a 
(x — 1)n u n—2 y” groY—1 ER) 


N==$ e 0 





The sum of powers of these prime numbers raised to the same 
order is 
n=!t PA (x) 


f N 
a RD (er nt?’ 


n=sS 





where i denotes the order of powers raised. 
The sum of the reciprocals of these powers is 


n=i n ( 


2, 
NEE 


Nn=Ss 


&) 
mti—2 
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$ 2. Results similar to the above may be deduced by means of 
Wilson’s theorem. Although Laurent has touched the theorem we 
have to give, yet our result is quite different from his. 
Theorem. The roots of the equation x" — 1=0 being denoted by 
e@i=0,1,2,3,...,n—1)}, we have 
i=n—l1l 
Dean or =, 
Ve 
according as n is or is not a prime number. 
For, when » is a prime number, by Wilson’s theorem we have 


n—1)!+1=0 (mod n). 
Hence for all values of 
Rd _ 1. 


When » is a prime number, therefore, 


IEN— 


I 
Dee en 


i—=0 
When » is not a prime number, we have also by Wilson’s theorem 


(n—N)!+1=a (mod n), 


where a is not only a positive integer, not equal to zero, but a and n 


are prime to each other; for had a and » a common factor, which 
that is not equal to unity, this common factor would be a factor of 
(n — 1)!, and hence a factor of unity. Hence we have 

in — )!+1}=ia (mod n); 
so that 


—=n—1 


i—=0 
But the least Re residuum with ‚respect to n of the series 


0, a, 2a,...,(n—1)a, when a and n are mutually prime, is the same 


as that of the series 
AZ EL) 


Consequently 
i=n—1l ( a i=n—1 
i(n—1)!—+1 - 
& Fr u 
-1l+a+0+...+071 
nf 


as we had to prove. 
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We next proceed from this theorem as follows: 
Here we have 


i=n—1 Es 
gr 1)! 


Pre Ei RER 


el 
i—0 
h—-1)ı+1 „ed! +1}eV-ı 
EL ; i R de 
En yngnoV-i_ a 
(r>L); 
Hence 
(n—1)! 
& 
abo, 


x 
according as n Is or is not a prime number. 
Therefore the number of prime numbers that are comprised between 
s and t ıs 





Rn a" —i)! n=t 9% (r—1)!+1 Sa e 
=> } 

n— ne | 27 e f: gr nV 1 

n=3s n—=3 





We also obtaın a theorem that concerns to a definite integral. 
This theorem finds its expression in the formula 


Be [cos In -— 1)!+ 1)0 -- V-1 sin In —1)!+ 1le] do 
0 »"|cosne + Y—1sinne|—1 
— 2x (when n is a prime number), 





or 
=(0 (when » is not a prime number). 


Here r is supposed to be > 1. 


T. HAYASHI, NEW THEOREMS ON THE INTEGRAL 
AND THE SPHERICAL FUNCTION.) 


In the integral given at the end of the preceding paper, by 
transforming the denominator and separating the real and imaginary 
parts, we get 


ar „m+n % St 
A) I: cos (m—n)6 7 ER Tg ya or 0, 
0 


1— 2r” cosno ar BZ 





as n is a > number or not, and 


1) The Journal of Ehys. Sch. in Tokyo, Vol. 9, pp. 217—220, June, 1900. 
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ar m—n M 
’& sın (mM — NR)O 2 ’ 8s1n m 6 
2 — ( d= 0 
n ? 
0 


9 > 
1—2r" cosno-+r“ 





where m = (n— 1)!+1, r>1, in both formulae. 
In this place we shall prove these formulae in a way ae 
from what has been said in the former paper. 


$ 1. Changing in (1) r into : the integral transforms into 


27 [ n \„n—m 
cos (m —n)0 —r" cosmeajr - 
f\ : ii 18 (ee 


Jo 1—2r" cosne-tr 





But, as is well-known, for «< 1, we have 


Jr 


EEE 1 + 20 c0osy + 20? c0os2y +.. 


—]+ 2 Der cospY, 








fer 
so that, r being <]1, we get 
1 1 u 
en = 1 +2 Son cospußl. 
1-27" cosno+t r?” | 2 3% ee | 


p=1 
Hence (1) becomes 


n—m 27 
rg fie (m — n) 0 — r* cos 2 e } 2 I", rP” cos pn d 


y=1 


[eos0a0 = 0 (= 
0 


We therefore distinguish the cases n=2 and n = 2. 
If we make » =2, then 


n=(n—1V)!+1=32, 


so that the integral assumes the form 


Sa |2 7 Dr 7: cos20 cos 2ph “| 


»n=1 


dd. 





We have evidently 


But in general 


27 
fe coss cost dd = 2 CR 
0 


—=( | (SL). 


or 


NEW THEOREMS ON THE INTEGRAL ete. 717 


Hence 


e) 2 
Da [: cos 20 cos2pH dH = 2xr?, 


The value of (1) is therefore equal to 2x for n—=2. 
For n == 2, we have 


rm no 2rt 
3 SE jEIcı (m —n)8 — r" cos m#} cos pnd dd. 
1—r z 0 
e 


r=1 


But in general 


9 


- 


1: cossd cos #dd = 2x (=), 
=) (S+#1). 


If n is a prime number we can put 
m—-n=(n—1N!+1l—n=pn, 
n=(n—-1N!+1l=pn, 
so that, writing (n--1)!+ 1= An, we have 
,=A-1l m =4, 


and the integral becomes 





Fa AM 
3 pAHn Ix EEE, yAn yn 2] = Im ur 2 BA RB Parse] 
1—r % N 122% n 
am 
a ee lee, ad ym+ 7 
1 pn 


= 2m. 


When » is a non-prime number, we cannot find the values of p, 
and p, such that m — n=p,n, m=p,n. Hence the integral is equal 
to zero in this case. 

In the same way we see that the integral (2) is =. 

$S 2. From the above formulae, theorems on the spherical funetion 
may be derived. 

Writing 





1 e ; 
er), 


90 
(1) becomes 


un Span fioos (m —n)O — r" cosmN)Q,(nd) dd. 
e/ 0 


20 
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For n=2, 


[0 27 
DE les c0s2N)0,(20)d0 = 2x, 
9—=0 0 


or 
R 27 Rn 27 /? 

DI NRZEDXL Fe IK 20Q,-.(20)20= 27 

q—=0 0 Gi «/ 0 

But evidently 

WRAKEN dd = 2x, 
so that 
Ren — 008290, -1(20))d0 = 0, 

that ıs, 


(3) RRCDEL | eos 29Q9,-1(20) dd (+ 0). 


Next we take »n for a prime number other than 2; then 
rm eos (m — n)d -Q, (nd) dd 
+ D'rar fteos (m —n)d - Q,(n0) — cos md- Q-1(nd)} a0 — 2704 
0 


g—1 


m—-n=-(n—1N)!+l—n=gn (=*0), 


Hence if we take the value of g that satisfies 


we shall have 


(4) eos (m — n)d-Q,(nd) dh = 27 = „cos md 9,1) Ad. 
For other values of qg we have 

(5) eos (m — n) :Q,(nd) dd = cos md -Q,—2(nd) Ad. 
Since it is evidently 


27 
3 cos (m — n)0 -Q,(nd) dH = 0, 


we shall have for any value of g, when » is a non-prime number, 


(6) eos (m — n)0 .Q,(nd) d® = cos md, (nd) Ad. 


From (2) by a similar reasoning we device, for any value of n 
and g, the formula | 


(7) sin (m —n)d- Q,(n9) 40 +) sin md -9,—1(nd) dd =. | 


T. HAYASHI, ON A THEOREM OF ABEL THAT CONCERNS etc. 79 


T. HAYASHI, ON A THEOREM OF ABEL THAT 
CONCERNS TO THE EXPANSION OF FUNCTIONS.') 


Here we propose a study on the following series 
1) Dlat+a)= Bla)+ad (+ ) ER IE 
2 ala—r Be73 2 on. at rb) 2 a 


„| 

This series in its general form is said not to hold in many cases. 
Bertrand however succeeded by an application of Biermann’s formula 
in establishing the series for the case when the function ® (x) is capable 
of being expanded in an ascending power series of e*. Besides this 
case with such a condition, we seldom meet with any application of 
the series. We have therefore to investigate the question, under what 
conditions the series will hold, and in case such a condition is 
required to exist, to see from what circumstance that condition comes 
to enter into consideration. 

In order that the series (1) should hold, the function ®(x) must 
be capable of an expansion by Taylor’s theorem, for the series (1) 
becomes identical with Taylor’s expansion = b=0. Thus we have 


(2) D(z+a)=B(a)+a®d(a)+% o" (X) +. 


By rearranging the terms in (1) according to the ascending powers 
of a, we get 


— et er 2 
(3) Dla+a)= D(«) DIDI 1y b 


Me—L r—]1 








2! ! 


>= Getm Dt r+m-1 h)). 


The three series (1), (2) and (3) must be all convergent and er 
have the equal sum. Hence by comparison of coefficients we get 


2 ae mmtreıy ao! 
2 er er 


N 


x dmtr-)g+m+r— 1b). 


lf in this expression we expand Pmtr-V)(« + m-+r— 1b) and 
arrange the result in order of the powers of db, the coefficients of 
these Bere of b must all identically vanısh for all values of m. 'Thus 


1) nal of Tokyo Phys. Sch., Vol. 9, pp. 353—355 and 387—390, Oktober 
and November, 1900. 
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( za m+-r+s— r+s—2 
DD) N 1-1. a mtr +2 (a) rt 


N | 


z Q Be (mir 107} nA Ns 
a ne a 


r=1l0=r—1 


a t 


T—=(0 





so that for all values of m and ! we must have 


(6) an ee ao 


But we have 
>= = nn een (<n), 
TU 
as S. Nakagawa gives in his paper published in the Journal of the 
Tokyo Physics School. 
In this equality pt d=—1,p=n-—1,n=t, and then divide 
by t!; and thus we see the formula (5) established. 


In this way the series of Abel’s that stands before us has been 
rendered applicable in far wider a scope than settled by Bertrand. 
In the above reasoning we have sometimes changed a singly infinite 
series into an infinite double series and vice versa. The condition 
for applieability would have probably arisen from such a eircumstance. 

Whatever be the restrietion on such a scope, the series (1) does 
not lack of a sound establishment. 





By adding 


-rb 
RE DI (ar a Br (2 + rb) 
Bell 


to both sides of (1), we have 


864,08 + rn) SEN got rb), 


r=! N 


or, as we have to put, 


(6) ea) SEN Bra + r)) 


r=0 


ON A THEOREM OF ABEL THAT CONCERNS etc. s1 
From this follows 
- d la —rbyV 7 AN 
nen a => NH rd) 
rl 


And hence we obtain the relation 
d 
(8) D(a+a)—-b--Plata,a—-b)=Wla, a). 


The series in (6) and (7) are both symmetrical with respect to 
x and a. This fact will be proved by rearranging these series in the 
double series arranged in order of powers of a and b and changing 
the coefficients of b according to the formula 


I 1)r‘ ee, 


N 





and then paying attention to those of a. 


The series in (6) and (7) are not only symmetrical with respect 
to x and a, but they are both functions of (x + a), namely, the former 
is equal to 

(a +a)—bP (a +a)+bD"(+a)—-VE"(c+a)+..., 
while the latter is equal to 


DB (2 +a)—-bO" a +a)+bD"(x-+a) — 


We here apply the method of the Calceul de Generalisation given 
by Oltramar& of Geneva to solve the differential equation (8) and to 
determine the form of the function P (x, a). . This method might 
appear too artificial and too symbolical, but it is at the same, time 
very convenient for solving an equation of the kind described. 


From (8) we have 
P(a,a)+b- Plata, a—b)= GB(r+b). 
Now writing 
Dee io Gert de a), 
where @ stands for the symbol of generalisation, the last written 
equation will be rewritten in the form 


GERu art L bued«—»)} ee Gezu'tar 
Abhdlen. z. Gesch. d. math. Wiss, XX VIII. 6 
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, Gert @ N 
1 + bured«=) 
— Geru tar] — buledW—) + beul?eroWw DT Zr 
— Gezu tar _ pGule@t+DwW tar 
+ DQ@ulte@t2)u ta)" _ 


Pl(z,a)=D(x+a)—bD (x +a)+b’Pd" (x + a) — 





See how simple this process is! 


Abel’s series affords in its general form a rich source for identities; 
for a and b are arbitrary and x may have any value too, that lies 
within the domain for convergency. 

It is noteworthy that the expressions we have employed in the 
above reasoning, and also those that will be obtained by transforming 
the series before us will also constitute a large stock for identities. 

Thus in (4) replacing ®(x) in place of B® (x) and r +1 for r, 


we get 


(9) D(x) — N ah „m se a JCIE: Im+r b), 


r—( 





where m is to be any positive integer, but may finally assume any | 
value whatever as will be seen from what we have reasoned about. 


Put <=0 in (9) and replace b by x, then we get 
ee) ar-l,r ee 
(0) =D (- yratn 2 gm +rb). 
r=0 
Put m=1 in the same formula, when we get 


2 -D- YA ane+ d+nd) 
and the sign of b being altered, 
je} r—iyr 
2) - DIT 00 - (14 nd); 
F=V 


and then write x + b in place of x and we shall have 


D@+b)=- Dr +1y-i FB0l« vb). 
r—=0 
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Again in (9) we replace mb by a and get 


m / r—1 
Da) =D YERHT pOla + a+ rl); 


r=0 
(2 — a) being put for x, 
Ss K 2 Dee ne 90a +r b); 


the sign of a being changed 
a IT ır—1 
Da + )=-N en % _ge(& + rb), 


which is the very series of Abel’s from which we have started. Thus 
it will be seen that Abel’s series itself is contained in the series (4). 


T. HAYASHI, AN EXAMPLE OF FINDING A 

PARTICULAR SOLUTION OF AN EQUATION 

THAT WILL BE SATISFIED BY ABEL'S SYM- 
METRICAL FUNCTION.) 


What we call in this place by the name of Abel’s symmetrical 
funetion is one that was considered by Abel in the first volume of 
Crelle's Journal, where we see the proposition proved: 

If a function of two variables, P(x, y), be such that BB (z, Yy), 2) 
is a symmetrical function of &, y, 2, so there will always exist a functional 
form ®(u) that satisfies 

DP (a, y) = Pla) + By). 

About this subject the author has considered in the Journal of 
the Mathematico-Physical Society in Tokyo, Vol. 8, Part 4. But the 
theorem may be evidently extended and we get the following proposition: 

When 

Pla, Gr 2.) v(B,_1(0, Be a), a,) 
is a symmetrical function of a), ds, .. ., An, then there will always exist 
a functional form D(u) that satisfies 


©P,(a,,4,--.,%) = Dla)+PDla)+:..+ Dla.). 


1) Journal of Tokyo Physies School, Vol. 11, pp. 80—84, February, 1902. 
For the eonceptions in the present paper the author acknowledges his indebtedness 
to Lömeray (Nouvelles Annales de Mathematiques, N. S., Tome 1). 
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If P,(a,,4g,-..,4„) have a definite meaning when n assumes an 
indefinitely great value, and if 
lm7 2207 (0,7900 22.9.053 
be denoted by P,(a,, 4,,-. ., @n), then since 
lim, DP,(a,, @,..., 4) = im„=u{Pla,) + ©la,)+...+ Dla,)}, 


there may happen such a functional form ®(u) to exist that satisfies 


DP,(a,,4,4;,-..)=Pla)+ dla) + Pla) +... 
For instance, if we take 
1 
ztn 


k a Be N 1 
la ara =V di FERN +...+ BT. 


then #, wıll have a finite value for >0O and s>1. And if we 
make ®(u) = u‘, we shall have i 
1 1 1 
EEE tee 
(+1? (+2 (0+3)’ 


Ad, = 











DW, = 


and 
1 1 
Dla,)- Dia) u. ee 
ee at!" (+2) 
Let F(x) be a given function and let a be a positive integer. 
Then the function f(x) that satisfies the functional equation 


f)fa+a fx+2a)...fe+m-—1la) = F(x) 


will be seen easily to have the form 


am—1i 3kayVT, 2 


= Fiatmna) ‚am i 
0 Il Fio+(mn+1)a k=1 & 


where the C’s are arbitrary constants. (See the Calcul de Greneralisation.) 


Hence 
| F(2 + mna) 
ale LIE: (x +(mn-+1) 1)a) 





is a particular solution. 
Hence a function f(x), that satisfies 


log f(x) +logf(a@+a) +logf(xe+2a)+...+logf(«e+m—1a)=log F(x), 
is of the form 


log f(x) - D’log F(x+ mna) 2 log|x + at + 1)a}- 


n—0 


Pal; B Gezza 
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By replaeing log f(x) by f(x), and log F(x) by F(x), we arrive 
at the result: 
A particular solution of the Functional equation 


fa) + fa+a) + fe+20) +... + fla+ (m-1)a)— Fe), 


where F(x) is a given function, is of the form 


f(x) - NS Fl +amn) -D'Fie +a(mn+1)! 
u—=0 n=0 





Tbe sum of the terms in the left-hand member of this functional 
equation seems in some cases to be replaceable by Abel’s symmetrical 
funetion of these terms. In other words, 

A functional form f(x) that satisfies the equation 

wre), f@+a) fle+2a),...‚f(e+m=1a)} = Fe), 


where P, is Abel’s symmetrical function, may be found. 
As D,(d,,@g,...,@m) 18 Abel’s symmetrical function, there will 
exist a functional form ®(u) that satisfies 


DP.(a,A,::.,Am) = Dla,) + Pla) +...+ Dlan). 
Let this ®(u) be such that satisfies 
DP,(a,Q,...)=Dla)+©la)+..;; 
then by putting u=#,(v,w), we have D(u)=®(v)+®(w), and hence 
&(w) = ®(u) — ®(v). Hence if we solve uv= #,(v,w) for w and put 
w= &(u,v), we have 
D/2lu,v)} = Dlu) — Blv). 
Writing f(&), f(@-+a),...,f(«+m-la) in place of a,,4,,..., Am; 
we have 
OF(a) = Gf(x) + f(x ta) + Dflc+2a)+...+Bflc+m— 1a). 
_ Hence from the particular solution above obtained we get 
Oflx)= DE,IF(x), F(x+ma), F(x+ 2ma),...) 
— 8%, (F(c+a), F(c+m+ la), F(c +2m+1a),...}. 
Hence putting 
(x) = P,IF(x), F(c+ ma), F(x-+2ma),...), 


we obtain 
Df(a) = DW) — DWL(a+ u) = A| WL(), WL(c+ 0), 
whence again follows 
fe) = RIP), Pula + a): 
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Therefore F(x) being a given function and P, Abel’s symmetrical 
function, a particular solution of the equation 


w[f(), f(c+ a), f(@ +20)... f(c+m—1a)} = Fe) 


ıs of the form 
fe) = APR), Plata), 


where w= Alu, v) is got by solving u = #,(v, w), and where 


Y,(x)—= P,(F(x), F(x+ma), F(x+2ma),...). 





xample 1. To solve the functional equation 


OTIErD pa), 


1+ fa) f(c+ a) 
Here we have, by writing 
1+F(e){i + F(&e+2a)){1+F(z+4a0))...=A and B, 
where the upper and lower signs are assigned to A and B respectively, 
De nn. 
and 
u = a RW are = (u, v), 


ERBE Acer 
Rs P,(@) Pilc + a) 


Example 2. To find the function that satisfies 


: 1 
Fa" + fat a)" = m? 


where m is a positive integer. 
Here Yf(x)" + f(x+a)" is Abel’s symmetrical function, and we have 


re Fe : 1 
P,(z) Verne + (+ 2a)” 55 (x + 4a)?" ar % ’ 


= Vor + wm 2. W- Yun — qm — Ru, v), 


BER x _’ J EURE RENE. 2 2 Zeh. 
A ) Wi: RR =. (ce + 2a)" 
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M. KABA, ON THE MULTIPLICATION OF THE 
ELLIPTICAL FUNCTION.') 


The formulae for en mu and dn mu resemble to the expression 
for sn mu, so that we shall speak only about the last named function, 
and indeed only for the case where m is an odd whole number, for 
the case of m even could be derived without encountering any diffi- 
culty from the other case. 


The present study will be carried in the order as shown below: 


I. To express the numerator and denominator in the expansion of 


Sn MU . » . . .- 2 
er the form of products of binomial factors upon the consideration 


of its poles and. zero-points. 
II. The expansion of the denominator will be made out as soon as 
that for the numerator ıs known. | 


III. To express the numerator in a power series of sn u. 
IV. To express the denominator in a power series of sn u. 
V. To express the numerator by a determinant. 

VI. To express the denominator by a determinant. 


. sn mu . . 
$S 1. As m is an odd number, u |s an even function of ı. 


Hence expressed in terms of sn« which is an odd function, it must 


be a function of sn’u. If then 4® and 2%' denote the periods of 
sn ıt, the function = —— will have 
the periods 4o and 20); 
and 
the zero points nn 
where 


Mana). 2 (mol); 


the simultaneous values n=0, #”"= 0 being excluded; and 


the poles 2no+2no+re , 
m 
where » and n’ have the same significations as before (the same will 
be meant in the following), the simultaneous values n = (0, "= ne 


being excluded. 


1) The Journal of the Physics School in Tokyo, Vol. 10, 1901. 
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sn mu 


Thus the funetion 





is expressible in terms of snu that 


possesses the periods 4o and 2o', namely, 


2no+2n'o' 
sn u — SB —— 
sn mu C m 


mu 077 Inotena ten 
N (sn u — Sn an m > ) 


The numerator and denominator in this expression are of degrees 
m?’— 1. The constant C may be expressed by putting u = o'; that is 


(@ a) En (* m(u-+ 2) 55 (* (mu m =) ze ( sn % ) Eu NEN 
nu Ju=w. \enıu-to) /u=0o  \ sun(uto) /u=o. \enmuleo 


Therefore 
( 2no -+2no' ) 
| sn u —sn u 
sn mu m | 
Anu. u 7 2no + 2no' to 
m II (on u— sn 2 ” fs ) 


The numerator and denominator will be of the (m?— 1)'% degree 
when expressed in the form of polynomials. 




















- 





82. Here we consider the function 














6. (MV 
D, S2: 5. ), 
6, (v)"“ 
U 
where » corresponds to -—— and e, and & to 9(o,) and @(;) 
e.— 86, ’ | 
1] 109] 
Then we have the correspondences o&, = ———ı 9, = — 
‚ va-& ya-% 
The function ®, has 
the periods 4o, and 20,; 
e 2no, +2 
the zero points : Fr r- TR, 
. m—1 . ’ 
the pair of values n= (0, m =——— being excluded; and 





the pole of the (m? — 1)'® order o,. 


Hence the function may be expressed as a product of binomial 
factors containing sn «u; namely, | 


6, (mv) _ cl] (sn nen. +2n’o'+ *') 


6, (um m 





The eonstant © will be determined in this manner. Divide both 
sides by (sn u)” =! and put v=o,, u= o', and we have 


DR ( 6,(m®) 


6,(v) (sn u" T" 





ae vw, 
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But 
snu=ye — 6: ap 
(0; (0) ın u)u=or, 0-0, = (6 (0) Ye — &)=0, — 0 (@,) Ver — 65; 
m?—1 





and 
Be) ® (3! m(w+ a) A ya = 
v0; 20 R 


6,(%) 6,(0 + @;) 


where &(@,) = 71, &(@) = 72, $(@;) = 95. Hence 


—1 


N,03 m’—1 
——. € a ne 7.m—1 
em), (21) myRnn, 





6 (03) ve 6 
—e 
where = 2°. 
e, 6 


We have ne 
not 2not Si) 


2 RS ER JE 2 myk” =] Is uw— sn = 


6,0)” 
—1 
Now multiply (— Jr 2? yYkm°—1 to the numerator and denumerator 


of the expression of en obtained in $ 1, and we have 


Abe 2noa-+2nw' 
sn mu wi ver] Imu- sn — m ) 
(A) FE 
sn % Fehr Er ‚ 
(-1) ? myRr=1| [ (sun retro te) 








The denominator is equal to oe and the numerator to 
6,0) 





6,(mv) snmu _0,(mv) o(mv)Ve—e, _ como) Va—& 
x ? mo) anu 6,(w) m? sn u 





2 (w) m? sn% 6, (v) m 


But this last quantity is equal to the product of the denominator 
where « will be changed into «+ o', that is, v changed into v + o@;, 





namely, 
m—1 ne i 
°,(m@+9,)) ef yo Vk 7 
cw" \Va—& 





6, (w “u 0, 
multiplied with 


m—1 5)  — ep 2) er 
En, ») En . NET 177 nd 
1° N" Wem 
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Hence if we put snu=x and represent the denominator and 


sn MU 
numerator in the expansion of —_— by D(x*) and A(z°) respectively, 
we have 
1 
sn (u + 0® — —— 
( JS . sn u ka’ 
Ku 


A) (1)? (Va Da) 
Again we put 


sn mu 4,+4; 2. a: in Be = + Au Br 


sn u wen +D, we t.. a ee ud a ax 





and compare with (A), when we obtain | 


Da = (- 1) ® > my er 


m—1 
Ani (IV Am 
But 


m—1 


Am _ı2®—1— (-1) 2 m(Yka)" D,, 
from what we have said above, so that D, is =1. 
If we make u=0, then we get 


A, 
pm, or A,=mD,=M. 





$ 3. If we now denote by D the operation 


o 
Dan en r Bor 


and express w(v) and &(v) by 9 and &, we have 
i 2 
Do =298 +49? — 39) 
De. = 4e.? — 


2 
3 9a» 


1 
Do. 6" + (eu + 2%) 035 


nu az! 
a— 


Since 


we have 
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Dsnu=Dye-— Te -- Pan va—&% 
— 6, 9 68 


4’ &°) Es Po Bier) 
ae 








ayp-e Ve, —&, r 2Yp-e, 
= 2(-e)mu +2 ya mu Ge. 
If in the denominator of u that is, in 
6,(mv) 
sw" 


we put 
6, (mr) = 0,0" = y, 


then we have 
1 9 
Dy= 2 y' + (e, TEL m? v?) Y. 


But 
DI 
RE RHT. + m? D log 6,(v). 
Dy SBhE 2 [ 6," (v) 1 3 
RE (+ 159%) )» 
or 
y= %,0,(v)" + m?o,(vy" 1,0 (v), 
! ! r 
le). 
yo Em 0,0) 
Consequently 


op 7, 
y “ 2. EN I m 





6,' (v)\ 2 2 6; "@), 
2 ) + m? ER 


Hence 
m 6, Fu 1 
erden) 


Be ai A mL 
-— ee +2m?- an a + m’ (m?— 1) e 2) +m = N +&+ gpd v*. 


On the one hand, we have, by a known property of o,(v), 











BO ICE) 
so MW AT po- 


so that the above expression reduces to 


» 1 " 6, (®) ee &)(&- &,) 
DYn = mi Em + 2: ,@- En + (m? PW)- e, Em 
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s MV . ; 
Now since I. = 51 = or the denominator of  is’a function 
m? sn 


0, (%) 


of k and snu, so it is a function of &,, €, and snw=.x. Therefore 


a NE 
DW.= De pi de, th u Ihe 





On the other hand, , +&+e=0, so that 














er ee. 
ee, AR 
an en wär 97 
2 (— &, — 2e,)? 
2% ok 36, 


De ESCTEL 











08, 08, De ob OD age 9 BD, 
er as zn 5% Ar (& — &) = k&—- 4) ap * 
Again 
WINE 6" (&) 
05 (©) a: 29(0) FT ar 65 
1—&% 
„RW - = = E} 
3 
en 2 
(0) = Se ee): Dr 
en 2 eva 3) 





D.= ey 2)! -Mad)ya— @, 


0°, OB, ni 
(rer) -e). 


Hence our differential ae becomes 


2m? ee . m + 2m m le TR. a] 





0°®,, D ? '(v) DEN TR 
= | 02° as + m al (&,—&) + 2m? Re a7 42 Va 


which, divided by e,— e,, and w'(v) and »(v) — e, being expressed in 
terms of x, and the substitutions 


-=1-(1+R)® +, "= — (1+M)x + 20 


being made, affords the so-called Jacobi’s differential equation: 
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0° 0, 2 7 er 2 ‘ £ 
Fr E — (1+K’)2? + = +. Asa — 1)? — 1)2 — 2 (m? -—- 1)R®2?| 


+ 2m?k(1— 





(m? — 1), = 0. 
But 


=D, + Dx&” + ...+ DerX?” +... + De 3073 + De 1a 1, 
which being substituted we have 
2D,+4-3D,0”+6-5D,..*2+.. 11 —- 1492: + Kat) 
+ 12D,» +4D,?+6D,.°-+.. | (((2m?— 1) —1)® — 2 (m? — Ra?) 








ame me 4 Day ıaı...) 
+ m? (m? — DA?a?(D,+D,2’+D,+..)=0. 
Here we put the coefficient of x?” equal to zero and get the formula 
@r+1)(2r +2) Da,42 + 4r{(m®—r)k®—r} Der + 2m’? 1— RP) — ei 
+ (m? — 2r +1) (m?— 2r + 2)} RK? D;,._2 = 
But D,=1, as we have seen before, so that we find successively 
D,=0(, 
D,=- ee erhe 212, 


m? (m? — 1) (m? 





BR 8 
- DIENEN 
Be m? m er) (m? =D yrg m? — 9) (R? +14) + (17m? — 69) 4}, 


ee ET EN a re te ren ie ine we Ihe ee re 


From these results and also from the general formula above given 
we see that D,, is of the (2r — 2)" degree in k. If the common 
factor of Da,_s and Ds, is denoted by ©, Ds3,+2 will also have the 
same factor. Other factors are to be made out. Here we write 


Da,-2 = Cl[e--2D, + 2, -2D;k?+ 3,-2D,k +... + ar 2Dash?° + 
ur Dar ih]; 
Dar = C[s-D, + 2r-D,k? + 2,D,k! +... + 2rDesh’ +. 
+ 3,-Dar ak?" ], 
De,12 = C[sr+2D, + 2r+2D,KR? +... + 2r+2Dask?° +... + ar +2Dark?”]. 
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These being substituted in the above formula we obtain 


(2r+1)(2r+2)(2,+2D,+2,+2D,k?+...+ 2,432 Desk?’+...+ 9, +2.Dark?r} 
age 
a) 


whence the comparison of coefficients of k?® gives 


(2r+1)(2r+2)s,+2Dss + t{(r —s + 1)m? — r?}2,Ds,_2 
+ 4(sm’— r?)2nDas, + (m’—2r +1) (m?— 2r +2)32,-2Ds,_-. = 0. 
From this the expression for 9,20, can be found. Also, 2s being 


replaced by 2r — 25 +2, we obtain the formula for s,12Ds,_2,+3;5 
namelvy, 


(2r+1)(2r+2)2,+2Der—2s+2 + 4(sm? — r?) 2, Der _ 35 
+ 4{(r—s+1)m? — r?}o,Ds,_2,+3 
+ (m?’— 2r +1) (m?—2r +2) 2r_2Der_2: = 0. 


If 
9,2, 2s+2 u: 9,.Dss— 2, 
9,Dar_2s = 9,.Das, 
9r—2Dar—25 Fr HI DHER 


then we shall have 
9r+2Dss sr 9r-+2Der—_2s+3- 


But we see these identities hold for D, and D,, so that also 
correct for D,,, and generally true. 
In the same way from the value of D,._ı those of Das, De 
will be found. 
$4. In S2 we have found 
m—1l 


A) (-1)° (Ye iD)‘ 


But, as has been found, 





D(«?) = VE Ten a + VE yre +...+ Ds," + rs u D,2?+D,. 
Hence we have 


m—1 


a I Dal) + Owl) + 


en a 


BET 
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os ua which 
2 6,(w)". 


is the denominator in the formula for nn we have to express the 


$5. To express by a determinant the value of ®,= 


numerator and denominator of this fraction in terms of o(mv) and 
6(v), or 








10) 
6,(v) = Ay ra h 
simw+o,)}-n, nn) 0, | ni 
(m) — en RA 


Hence writing 


| (v) a")... g@-%U(v) | 
o(v) — Eu (0) 9")... | 


lo) Pla)... mo) | 


B=[2! 3! 4!...(m-1)1]%, 


where 


the denominator in the formula of — 





will be equal to 


m—]1 











wer be 
Bremen)  _cn®, u rBuru,) 
Ve — 6) (& — €) oc(w+9,) Ve -- — &,) (&, (&, — — 6) 
that is, equal to 
m—1 
Ir 





Ve, = w (&, — ns Ser 


| „(+ @;) "W+R,)....yR-d(v+0,) 
9"(v + 0@;) vw +9,).... 9 mv + @,) 


En ER N Er ee ee Ver ee De De ee SE Zr ve Te Me Se 


pm Yyo +) HA(v+m,)... Emo + 2 








But, as | 

le 

Bl a ar 
— 2(e, Er V(1— sn?u) (1— k?sn? u) 
ee 

1 
sn(u + o') = RER, 
we have 


9(vw+0,)= — 1 —6)8 kysn’u(1— sn?u) (1— k?sn?u). 


96 M. KABA 
If we put with Jacobi 


Van? u(1— sn?u)(1-- k?sn?u) = Ya? ( GERT 2)—= 4A 
we get 








(+ 09,) = — 2(e, — 0)? kA 
Writing — 2(e — Ar: — 4 for brevity’s sake, we have 
P@+o,)=AA, 


and 


3) 


a 
p"(e+0)=A,,Va-e 


ONART TFT 
P"w+a,)—=A u! vo 


a ee A LE re 0 Da N FE 


ERS 


Eher tn, a En) ara rer ae ei 6 5 ee Te oe 


Substituting these values in the above determinant, we obtain 


m—1 


m—1 








1 


Ve-oa-o)" B 











| er! ee EA — 2 24 
| A va €; 2 Ve, Be RE Were Va- e, Zum 
| 
—— 094 — 924 —— 054 — m A 
S | Ve—& Ann Va Du: 12a Bun Bra Va—& Zum, 
I. meh Be ee! re 0° ee! 
Ma ee UV en Ve— 6 Re 


or the factors being taken out of the determinant and reductions 
being made, 




















= aA. 0A, 

ou ou? a > 

ne 1 0A A A le 7 
ee re Du Aus dum-t|. 

R A: BR en, 

am_24 0" 3A DA oe 

N a 2m—4 


e 2 
In the special case m = 5, the quantities Ge ni Br. Er being 
0A 0°?A 


expressible as functions of 92? Zap), we can get the denominator 


for sn du as was given by Jacobi. 


BR u 
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0A 0?A | : d i 

Ba 50, Day be expressed as functions of z, namely, 
0A _ 04 RA _1—-2(1+k)z2+5K’2 , 
BET ale ee Tye erste stieg 





- 21-214) 2432), 
024 6 04 34 4 ıl / 2 2,2 
A_ 2. 94-41 -(1+M)2+ 60224, 


ou? 0z ou 
7 2 
A is of the degree n, and =; en ... are each 2 degrees higher 
than the preceding, and — is of the (5 +57)" degree. These 


quantities are rational for odd values of r and contain the factor A 
for even values of r. The determinant is therefore of the form 








R,A Ta Te Are He ah Free s 
mi „m—1 ’ 
ED, nn R, PA LEN Rm-ıA | 
ME ee ernnieter ern ne: 
RR Re. Bam_ı4 
This quantity is evidently of a rational expression. For an odd 


r+3 


value of r, R, is of the degree —- in 2, so that 
r+3 
R=entretn?+... aa 2 





The. value of ar follows at once from that of fr, for 


OR, 
R-4 A= 2:24, 


that is, 
OR, +3 = 
= 27n 2 N rar Ko ee LE SR Me } 





By putting a 
Btam + DH + Mer ++ Dt +4 Den}, 


we can caleulate the coefficients from those of R,, namely, 


ke: 
R,+3 = Ber) rn 1. 
= (2, +3 Bet dB... +8 Dne-r+..)24 


+2{r, +2r32+...+ 812°” au ...Y11—-2(1+%9)2+53%22, 


Comparing the coefficients of 2, we have 


ir 2), = 2°?((s +D)sr, 11 - (1+MM)s(s - 1), + Ks —-NV)(s — 2)r,_ı) 


+ 2((s+Y)rn4ı -2(1+K)sr, +3 (s—1)r,_ı) 
—=2/(s+1) 2s+l)r 41-2149) s’r,+k?(s—-1)(2s—1)r,_-ı} 
= 2(s+1)2s+Y)r41ı-  1+M9d)s-2s:,+(s—- Nr-ı} 


Abhdlgn. z. Gesch. d. math. Wiss. XXVII£, 7 
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But R,=1, so that R,, R,,.... can be found in succession. 


$ 6. The denominator of — being already found, the enumeration 


of its numerator does not involve any difficulty. In consequence of 
the result obtained in $ 2, the numerator is the same as the deno- 
minator, only that « should be changed into «+ o', or what is the 
same thing, v should be changed into v + o,, the result being multiplied 


m—1 
with the quantity (—1) ®? (Yksn u)” =". Accordingly it is equal to 
(YVksnu)® 1 
Ve —&,)(& =)" 'B 
w(v + 20,) "(vw +20,) .... md + 20,) 
2 vw +20) H"'@W+ 20)... av + 20,) 








la eo ».0 70 we ee MT En re m et Fa ke. uktn., ne m Zen Te, 2 u  E e 


Pt + 20,) mv +2@,)... Hm 3(v + 20,) 


9.(w) Pte)... lern 
er (Vk sn u)" =! (0) Ya)... Kl) 
ve = €; ) (es 68 ‚= a Ba a TE EEE Fe 


HRZip) Han pe 














But 


3 3 
1.1 __— 2m'u(e Far eae ea)? va 
Pl) un ae 
and if we put with Jacobi 
ne v' 2 “ —kt2) 


the denominator will find its expression in the form of a determinant 
2 
that contains ne ei »... As the process however resembles to that 





we have employed above, we shall here stop short of a repetition of 
the same reasoning. 
Or, after having found AR, in the numerator, we may, by S 2, 
substitute = for z and multiply with 
m—1 


1? Yarcy? (ve, 


for the same purpose. 
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M. KABA, ON THE FUNCTION THAT 
SATISFIES THE RELATION 
f@+D=-f@) 
The gamma function is defined by Euler by the definite integral 


ao 


D(a) = (er yr-ay, 


and by Gauss with the infinite product 


1 





I m? 
% (x) x lim. m: m 


z(ct+I)(@ +2)... ce +m-—1)’ 
from which the relation 
Le 1) 21%) 
is deduced as one of its properties. 

But the converse problem remains always a question. Will be 
the gamma function the sole one-valued function that satisfies the 
relation f(2+1)=2zf(2)? Or if not, what condition or what conditions 
will be required in order to produce such a function? 

We here give a result of our studies about this subject. 

1. When |z' is increased without limit in the relation /(z+1)=2f(z), 
we obtain | 

fe+Dd-(e+Dfe+N 


BERN E u ELISE da ar are uhr, ra 


Hence when z assumes a sufficiently large modulus, p say, we have 


»)-e-D)@-—2)...f(a). 
It follows therefore that a number » cannot be determined such 
that p=”f(p) should assume an assignable value when |p| is increased 
without limit. We have therefore an essential singular point in z= x. 


We have next to distinguish three cases according as z=0 is a 
zero point, a pole or an ordinary point of the function f(z), which we 
propose to consider in turn. 


2. First to consider the case for which 2=0 is a pole. In this 
case the relation f(2+1)=zf(z) easily reveals — 1, — 2, —3,... 
as periodical poles. If the function have neither pole nor zero beside 
these, then the function will be, by a theorem of Weierstrass, of the form 


1) Journal of Phys. Sch. in Tokyo, Vol. 11, 1902. 
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ee 


(4444414 j ++: j -) 
? 





fe) = 


where we put 
es) — e 
and where h(z) is an integral function. 
The function f(z) may also be written in the following form 


mie" (1+8,) 
fe) r z(@e+1)(2@+2)...(2+m) RICH 





where 
1 1 ıl 
end) — ag herr) 
and &%„) is a number that approaches to zero with the indefinite 
increase of m. 
Now we give to h(z) a particular form A + Bz, and determine 5b 
under the condition f(+1)=zf(z). D will then assume the form 
1 1 1 1 
B=log(m +1) — (= ABTEI ++) 


m 





Hence finally we get 
m! ee SE 


fe) ;@In@+9...erm‘ 
If now we assume the value of f(z) for z=1 to be unity, then 
ultimately ei= 1, and consequently 
m! (m + 1)? (En 
fe) = 2@+1D)(e+2)...@tm) 
which is nothing but the gamma function defined by Gauss. 


When we multiply it by e*@, we obtain the general function for 
the present case in the form 


fe) e""TL), 
where the integral function h(z) is so constituted as to underlie the 
relation h(2+ 1) = h(2). 
3. The case where z2=0 is a zero point of f(z). 


The periodical zeros pertaining to z=0 are 1, 2, 3, ... and 
— 1, —2, —3,.... $Suppose the function possesses neither zeros nor 
poles beside these points. By Weierstrass’ theorem we have 


fe) = 1 (1 — ,) (1 _ 5) x en] di 2 1) (1 ui =) Ir 222] eh), 


where 
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BR RR ER SEN 
Micky t nt ), 


=2(1+4+ & ++: E .) 


er) — e } 


and where e’”(® is an auxiliary factor. But since 
2? 2? 2? 1% 
:(1- 5)(1- #)(l- 5) > Zinn, 


f(e 2) = sin sın ©? er). 
Consequently from the relation # 2+1)=:f(e) follows 
q y 


e!@+U —— ln zer@), 


we have 


that is, 

h(2«+1)—-h(@)=log2+ im, 
a result that is impossible, for the right-hand side will become loga- 
rithmically infinite for 2=0, while in the other side the same does 
not happen. 

There is therefore no function, in this case, of the kind that is 
sought for. 

4. Assume 2=0 to be an ordinary point of the function f(2). 
The relation f(z+1)=zf(z) makes manifest 1, 2, 3, ... as periodie 
zeros. If the function be supposed to possess no other zeros or poles, 
we have from Weierstrass’ theorem 


fo = [(1- 3)(1-3)...eno]ero, 


a formula which may be written also 

f() -[(1 va 2) (2 mis 2) a (m — 2) en era + Er; 
where &,„ will vanish with the indefinite increase of m, and where we 
write g,(2) =:(: au n N ) 


Now in the gamma function 


m! m’! (ERS) 











ART. Bis Allee 1.0 VERER 
N) REDEN men 
if we put !=1-.z, then 
mE), 
1—-2)(2 —z)...(m — 
a-9@-9...m-)- 


and we obtain 
1 1 1 
at) 
m’T(1—2) 


fe) = 
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Applying the relations f(z+1)=:zf(2) and T(@)=zTz), a 
taking into notice that the difference between u. - + z +...+ — 
and log (— m) tends to approach a constant value, say c, for an 
infinite increase of m, we get” 


hz+1l)=h(z2) +log(ke) tint ec, 


of which the right-hand side becomes logarithmically infinite for z= 0, 
while the other member is only finite for the same value — a formula 
that is altogether absurd. 

We have therefore no function sought for in this case. 

5. We have heretofore considered only those cases in which we 
have neither zeros nor poles other than those that pertain periodically. 

Now assume q,, dy, As,...,q, and points pertaining to them to 
be zeros, and b,, b,, b,,..., d, with their pertaining points to be poles. 
The function that possesses these zeros and poles will have by Weier- 


stras®s theorem the form 


I] :-«-> 


9) - "7 Lern. 


|] :-®.-» 


ni 





By multiplying this function to those that we have already 
considered, we get 


sina (a,— ®) 
Dr -3— Tiger), 
Il n(b,—2) 


n==] 


II sinz (a, —2) 


(2) et en ehe), 


s 


Tail n(b,— 2) 


al 


I Isa-«, — 2) .aH Eu +4) 


(3) fd="- Mehl), 


m :TA- — 2) 
Il“ a(b,-- 2) 


r=1 
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When we change 2 into 2+1 in these formulae, those parts 
designated under the sign II do not change their absolute values, 
while the remaining factors behave themselves exactly as we have seen 
them in the cases already considered. Hence (1) is the sole functions 
that satisfy the relation f(+1)=zf(2). 

Here the function Ah(z) is to be such that satisfies the relation 
h(z+1)=h(z), when r and s are both even or both odd. In the 
contrary case it is to be 

erC+N — er) = eh @+in, 
that is, hz+1)=h(z) + in. 

We arrive therefore at the following condition: 

The functions that satisfy the relation f(2+1) = 2f(z) are restricted 
to those functions that are termed functions of the T' family, that have 
their expression in the form 


r 
sinz(a,— 2) 
f(e) = T(y)eW.7 ) 


sinz(b, —2) 





Hl 

where the function h ıs of the form such that h(z+1)=h(z) or 
h(z+1)=h(z) + im, according as r and s are both even or both odd, 
or as r and s are the one even while the other odd. 





M. KABA, ON PSEUDO-BIPERIODIC FUNCTIONS.) 
The pseudo-biperiodie funetions that have been hitherto studied 
appear in our limited knowledge to be restrieted to those cases for 
which we have 
Ü)  Feto)-mOrß), Fle+o)-n®F(ß), 
where the functions p(z) are of special forms. In the present paper 
we propose to carry our study on the function that satisfies the relations 
2)  Fle+m)-S($)Fi@), Fe+o)- FA) 
where F(z) is a meromorphic function. 
$ 1. Before we go in a consideration of the pseudo-biperiodie 
function we shall first explain about the pseudo-mono-periodic function, 
that satisfies the relation 
(3) fe+0)= SQ) 


where S(z) is a rational function. 


1) Journal of Phys. Sch. in Tokyo, Vol. 12, pp. 162—167, April, 1903. 
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We take qa,,@,...,4; for the zero points and b,, b,,...,b, for 
the poles of the function S(z). a + mo and b-+mo are then respectively 
zeros and poles of the function f(z). We form the function ®(z) 
that possesses these zeros and poles | 


III. } 


D(z ) Ben nleınesl 


2) 
IIITle- aa } 

















lem 
+. .+ 2 — log m 
tends to approach a finite limit for m = x. A have 


Lle-«) 
®(2<+0)= M.- -®(z) 


Ile — b,) 


et 


= MS$(z) ©(2), 


Change 2 into 2+o, and notice that - 





where M is a constant. 

Take p(z) to be a function that possesses the zeros and poles of 
f(z) that do not arise from those of S(z), and we have to see under 
what condition the function ®(z)g(z) should satisfy (3). Here we have 

D(e+0) ple+0 = Se) 0) pl), 
. p(@+0)= Nyp(e), 
so that the general function that satisfies (3) will be of the form 
®(z) p(z)e"®, where h(z) denotes a function such that h(2+ 0) = h(2). 

When S(z) is a function that has a finite number of zeros and 
poles for finite values of z and a singular point at infinity, we see 
that (2) will satisfy p(2+0@)—= es ®9y(z). (Here and hereafter we 
indicate with g(z) and like expressions integral functions.) 

If S(z) be a funetion that possesses a period ®, different from », 
the zeros and poles incongruent with @, being q,, @,...,d;. and 
b,,b;,...,d, respectively, we shall be required to take in the place 
of the previous ®(z) the following function 

k © .—a; (z—a;) 
TER Verena * 3osctmen]| 
a no, + mo | 
a) De En) Fe el 
ı ER 


2—b, ein. 
| 1 1 I (1- re 2 (nw,+-mw)? 
NO, Tu 


—=1ln=—om= 








— e2@) S(£) ©(e). 
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If we take p(z) and examine its property as we have done before, 
we shall have 


yle+a)= ed pl). 
The funetion that satisfies (3) has therefore in general the form 
D(z) p(2) e*®, where h(2+ 0) = h(z), so that it follows that the pseudo- 
monoperiodie function has the form 


Pet) erngL). 
S 2. Here we come to the pseudo-biperiodie function. 
Writing 2+o, and 2-+ o, for zin the two relations in (2), and 
comparing the two expressions for F(2+0@,+®,) thus obtained, we 
have 


S,(2+0®;,) (2) = (240) S,(), 
S,(2+® 8,(2+ 
824%) AR) Sl), l2+@,) = Al) S;(2). 

If we assume that A(z2) is a singly periodie function with the 
period ®, and the zeros @,, 4,,...,a, and the poles b,, b,,..., bi, we 
have from $ 1 

32) = DE) 9er", (2) = B;(2) P,(2) e=®. 

Consequently the relations in (2) will assume the forms 

(2’) F&@+0,) = D,(2) 9) er") Fa), 
(2”) Fe +) = B,(2) p(2) e®®" F(2). 

But there is no function F(z) that satisfies these relations, for it 
would have the zeros a +po, +no, + mo, that come from those of 
®,(2) and that have three periods against the hypothesis of being a 
meromorphic function. 

When A(z) is a doubly periodie function, it is very evident, that 
we have no solution. 

Hence if A(z) have the zeros a,, @,...,a, and the poles b,, b,,...b, 
at finite points, then ®,(z) and D,(z) in (2”) and (2”) will have the 
forms of (4), where the indices of ® and p are of course to be 
suffixed to. 

The zeros of F(z) are of the three species indicated below: 


whence 


I a+no, + mo, arisen from ®, and ®,; 
© + vo, + mo, „ » P9ı 
+ uo, +N®, „ »„ Ps; 
Il. y+uo, + vo, otherwise arisen. 


AR 
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The poles of F'(z) are 


I. b+no,+ mo, ariısen from ©, and &,; 


ß + vo, + mo, „ „ Q,; 


I. 
tum, + no, H ae 


il ö+uo, +vo, otherwise arisen. 


Here m denotes an integer from 1 to oo and n an integer from 
— oot0o + ©. 


The function that possesses the zeros and the poles in I. is of 
the form 


4, 1 (—a;)* 


a | [ :(ı 2— 4, P Ber 
I (1- m erhenn 2 (nw; + mw,)? 
no,-+mo, 


B(z ) .. i=1ln=—o m=1 


2—b; 2 @—23)° 2: 
| | II ] (1- re 2 (rn. + mw,)” 
a 


Jeln=-»om=1 














By putting 2+0o, for z and by the application of the same 
formulae as in $ 1 we obtain a result similar to (4), namely, 


P(z+0)—edD,(z)W(2). 

And similarly 

Plz +0,)=eB,(2)P (2). 

The functions, that possess the zeros and poles that arise from 

those of p,(2) and $,(z) respectively, have the relations 
ve@+ta)=ed pl d)yl), Yet) er" yle); 
yet) y (pl), Yet) (e). 

Next we assume a function f(z) that possesses the zeros and 
poles III, and we find the condition that (2’) and (2”) should be 
satisfied by Plz)yv,(Z)v,(z)f(2), and we yet 

fe+o,)=ehAfle), fe+m,)= ern flo); 


and in general P(z) y,(z) %,(z) e*‘» will satisfy (2’) and (2”), h(z) being 
an integral function that has the property h(2+0@, + o,) = h(2). 

We come therefore to the conelusion that the pseudo-biperiodie 
funetions are restricted to those forms that possess the form of (1). 
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G. HOSOKAWA, THE SERIES >r1/n®" SUMMED 
BY THE EXPANSION OF eeersinz.) 


‘We denote by P, the sum of all possible products of m factors 
that we can form with the reciprocals of the squares of all integers, 
and by P,. and Q, the corresponding sums for even and odd integers 
respectively. We also set 


1 1 1 


62m = =; + 


am Tom Tom tee 


In the formula 


2 SEE S 1a%(a?+ 2% (a?+49... (a? +2n— 2?) ,, 
e -=1 Ft a RER WETTE —7fj? 


10 (a? +1) (a?-+3%...(a +2n— 1?) ,, 
ee ea 
% 


7 . T 
(- ,Saresinz < 3): 


we make the substitution x = sin® and integrate between the limits 0 


and .- when it results 


714 
MIST Zr 
a 


a! 
RE 








n 1a? (a?+ 2°) (a?+49).. .(a?+2n — 2°) 
u. +2 22.42.6°...(2n)? 


ya (a?+1°)(a?+39%.. .(a®+2n — 1?) 
E c TED, 18.3°.5°...(2nt1)® j 
1 


or rearranged according to ascending powers of a, 


2 


DI 


a’ a? a" ar rt az 
- (1+@P/+@P'+...+a"Pl +...) 
IE 


A comparison of like powers of a gives 


| 


ls 





m 

so 
m 
DD 


RR Re Dre RE FA 
Be a Era gig}! ti)! 
2n 2n 
£14 7 
kei (2n +1)! en 227 (On)! 


1) Journal of Phys. Sch. in Tokyo, Vol.13, pp. 348—344, September, 1904. 
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Between P,. and 63„ there exists the relation 
62m — je 62m—2 -E Es 62 m—4 NN 1 + (— ET ESTER 22 (— 17m Pa sei 10) 


(see Burnside and Panton, Theory of Equations). 


From this formula we can calculate the value of 69,, by recurrection. 


2m—1 
2 zu z a”, and the P’s being Zenlange by their values, 





Writing 69. = 

we 'obtain 
92m—1 Br Fe en gem—Bn 5 22 

(2m)! (2m — 2)! 3! (2m —4)!5! 


en 2B, " m = 
+1) am-ıı +1) em+n)! 0, 








or 
22m—1 110m Dim — 273 m 1 am a Dmn—ı + 2m Os 
— ,..+(- 1)”712 31410 B, = (- I"im. 
From this we see hat B,, B,, B,,... are Bernouilli’s numbers. 
(Chrystal, Algebra, Vol. II, Exercise 12.) 


T. TAKAGI, A SIMPLE EXAMPLE OF CONTINUOUS 
FUNCTION WITHOUT DERIVED FUNCTION.) 


The independent variable f, which we suppose for simplieity’s sake 
to lie between O and |, being expressed in the scale of 2, we put 








n 
c 
(1) t= > —, where &=0 or ll, 
2" 
and | 
En n+1 Cn+2 
InF- gr on+1 h gn+2 “ir SE, 
N 1 
UP — Tny 


an—1 


and we form a function of t 


f(&) =D pn ‚„ where 7, re or = 1% 
1,0 
according as a =0 or =1. Thus we have 


a 
f) a n=%, 08.0, 8 =0 or], 





1) Journal of Phys. Sch. in Tokyo, Vol. 14, pp. 1—2, December, 1904. 
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where x, and v, stand for the number of those among a, A,,...,@, 
that are equal to O and 1 respectively; so that u +v,—=n. 
The function /(f) is evidently one-valued and continuous in the 


interval O<t<]1. When t is a rational number of the form er 
t will have two different expressions of the form (1). But these two 


expressions of { may be easily proved to give the same value of ff). 
In order to prove the function of our description does not possess 


a derived function, we consider the value of = for special values of At. 





1 
1% RR U I K er gm? 
rn In —- In — TE ER 
2 ni = 6 „= 0, At der r ; 
Di 
af 
21 = In — Vn: 
The values of a for Jt= = and 1t= 5 will differ b 
St an gr+1 y 


1-2rt17,19, if o=0, m+ı=0; and they will differ by 2”+1r, 1», 
if „= 0, rt Ik, | 

It follows therefore that, if we restriet ourselves to the value of 
At that possesses the form of = the inerement of = remains finite, 


however great the value of »n might be taken. 
Consequently the function before us has no derived function. 


T. HAYASHI, ON FUNCTIONS THAT SATISFY 
AN ADDITION-THEOREM RELATION.) 


1. The problem of finding all functions that satisfy the relation 


EN 
NEN Tor) 


was first studied by ©. Hitomi in the Journal of the Tokyo Physics 
School, Vol 4, where its solution is resorted by the caleulus. But the 
problem may be treated otherwise in a simple way. 


1) Journal of Phys. Sch. in Tokyo, Vol. 15, pp. 1—2 and 83—84, December, 
1905 and February, 1906. Two papers separately published. 
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By writing f(x) = tan p(x), the relation before us will become 


1—tangp(x)tangp(y) 


— tan (p(x) + p(y)), 


and in consequence we have only to find all the functions that stand 
in the relation 


tan p(@+y) = 


ylaty)=yla)+yly)tnz, 
a result that is said to have been arrived at by ayene 
Now put 2=y. Then we get 
y(22) =2yp(e) + nz. 
In this funetional equation make the substitution 
pa) = wre) nz, 
when it will be reduced to 


so that the funetion v(z) is a constant independent of x. Denoting 
this constant by a, we have 


po(a)=axr—nn; 
and therefore 


f(x) = tan(ax — nz) = tan ax. 


2. A function, that satisfies the addition-theorem 


(1) :  fe+n=Frf@, FW) 
evidently satisfies the functional equation 
(2) (22) = Fif@), fo): 


But a function that satisfies (2) does not necessarily follow to 
satisfy (1). 

For the purpose of finding all the functions that will satisfy (1), 
we first prove the 


Theorem. If f(x) be a function that satisfies the Functional equation 
(3) f(2x) = Ff(«) 


then any other . function that satisfies the same equation has the form 
f(ax), a being an arbitrary constant. Hereby we assume f(x) to be a 
uniform function, which is algebraical, or which possesses a single or 
double periods. 


K. OGURA, ON THE ADDITION-THEOREM etc. 111 


Let fp(x) be a function that satisfies (3). Then 
fp(2a) = Ffyla) = fi2p@)) 
. g(22)=2pl@)+P, 
f@+») = fe). 


...p(a)=axr —p 


where 


as ın last article. 
Consequently 
fy(@) = flax—p) = flan). 
Here we notice that the number 2 in the preceding theorem may 
be replaced by any other number. 
As an example we take the equation 


flex) = 2f(a)V1- (a). 

All the functions, that satisfy this equation, will be seen by our 
theorem to be sin dx. 

Since (2) is of the same form as (3), if a solution of (2) be f(x), 
all other solutions of (2) will be of the form of f(ax) in virtue of 
the theorem just proved. And as any function that satisfies (1) also 
satisfies (2), we can suppose 1hat the function f(x) has been so chosen 
that it satisfies (1) and (2) at the same time. If f(x) satisfies (1), 
f(ax) is also a solution of (1). Hence all functions that satisfy (2), 
that is, f(ax), satisfy (1) too. 

The above reasoning- furnishes a mode of proof to the theorem 
given in last article. 

When the complexity and entanglement of reasoning will not be 
rejected as loathsome, so there are still several other ways that serve 
for the establishment of the theorem before us. 





K. OGURA, ON THE ADDITION-THEOREM OF THE 
CIRCULAR FUNCTIONS.) 
Put a | 
9@w)--, +5 +5 +..,2@)=1-75, Ehe RER 





then, as we know, g(0)=0, v(0O)=1, and 
d d 
er, IR = —- PR). 


1) Journal of Phys. Sch. in Tokyo, Vol. 15, pp. 591—592, November, 1906 
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Next consider functions of x, and x, such that 


U, %) = pa) U (@,) + va) PR), 
Vla,,2,) = ver) vlR) — Pl) PR); 
Then, above formulae being taken into account, we have 


u, m _„ am 
aa) 7 dam) 


Wia,2,)= + %. 








0: 
whence we infer that U and V are functions of W alone thus 


F(2,+%)=gp(z,)b(a)+b(a,)p(zs), (+ %s )=VR,)ılR)—p(X,)P (2). 
Here put ,=0, then Fix) = g(z) nd’ G (a) = BE) so that 
F and G@ are the ano p and ı% themselves. 
Therefore 
(+ %)=pyl)ıv lm) + Yen) Yp (23), 
(X, + %) = va) dl) — P(Xı) P (5), 
which establishes the addition-relation of the functions with which we 
have started. 





K. OGURA, ON SOME FUNCTIONAL EQUATIONN. 


I. 

In the Journal of the Tokyo Physics School, Vol. 16, pp. 82—84 
and 124—125, K. Katö published an investigation on the funchons that 
satisfy F(z)’ + F(& — z2)’= 1, which being a harbinger to K. Ogura’s 
study, we here first give K. Katö’s result. 

1. To find a function that satisfies 


(A) F%+Fla- 2-1, 
we write 
(1) F(e) + iF(@ — 2) = eir® 


and replace 2 by «— z; we multiply together the two formulae thus 
obtained, when we get, the relation (A) being referred to, 


im entre, or pl) + ya) % 
‚nr 
sine i=e?. 
Again from (A), by factorising the left-hand side and using (1), 


we deduce 


ON SOME FUNCTIONAL EQUATIONS. Eu 


F(2) -iF(a—2)=e-ir®, 
which, with (1), gives 
ya e-iy@) 
8) no 0; 
Thus the function F(z), that satisfies (A), also satisfies (2) and (3), 


and comversely. 
For from (2) we have 


eiy@)+i9—) = i, or ey) = j-ipla—2), 
or, squared and transposed, 
e?ip(ke) ı e-?iyle—:2) — 0, and .*. e2ip(@«—:) ar e-:iye) = 0, 
by virtue of which the expression F'(z)?+ F(« — 2)? obtained from (3) 


reduces to unity. 
The formulae (2) and (3) serve for the determination of our 


funetion. Thus 9(@)=2, «= > satisfy (2), and then from (3) F (2) 


will be seen to become cos z, and we see that cos z satisfies 
cos? 2 + cos? Bl 


Again (2) is satisfied also by og() = — —- 2, 0= > and at the 


same time from (3) F'(z) becomes = sin > so that sinz satisfies 
sin?z + sin (2 -2)- % 


2. To solve the equation (A) in another way, put F(2)=cosg (2), 

and then 
F(e—-2)=+sinp(@), or Fe)=+sinp(2— e). 
.csp(@)=+tsinp(«e-2), .'.+9 = +Ya@-2)+ 2nn. 

Hence if we find a function g(z) that satisfies 9) + p(« — z) 

= > +2nz, the function evidently makes good (A). 
Il. 

K. Ogura’s paper appears in the same ‚Journal of April, May and 

July 1907. 


1. The funetional equation studied by K. Katö is solved by 
Babbage in the form 


Fe@&)=yv3-Ped)+ Pla 2), 
and T. Hayashi has obtained its solution in 


p(2) 
Her Vor + Ya 2) 


Here we try a little extension from Katö’s considerations. 
Abhdlen, z. Gesch, d. math. Wiss. XXVIII, 8 


114 K. OGURA 


2. 0(z) being any known function, we consider the following 
system of four functional equations 


Fler 2) EI Fe@)=B, 
which by the substitution of #{F(z2)} = 9 (2) reduces to 
(X) yeF)tpyl)=P. 
K. Katö’s equation is one of these for which 9 (z) = 2°. 


3. Lemma. If f(z) be a mono-periodie function with period 20, 
then the values of 2 that satisfy f(z) = f($) are 


() z=6&+2mo, vr 2e=2o —-&+2mo, 
when f(z) is an even function of the second. order ; 
(ii) z=&+2mo, 
when f(z) is an odd function of the first order; 
(iii) z=&+2mo, vr z=»—6&+2mo, 


when f(z) is an odd function of the second order. 
And in the case when f(z) is a bi-periodic function with periods 
2» and 2, 


(iv) z2=5+2mo + 2no), 


when f(z) is an even function of the second order and the second class; 


) z=&+2mo+2no, or z=w—&+2mo + 2no), 
when f(z) is an odd function of the second order and the second class. 
To prove (ii). It is f2+20)=f(z). Let it be assumed 


(A) flaoa —2)=f(2), 
then 


0<2<20, O<au—-2<2o, 
Aa 


But (A) does not hold when a=2, so that a may be assumed 
to lie between OÖ and 2. Writing 2—a=b, b also lies between the 
same limits. 


From (A) 


f=-2-bo)=f(@)=- f(@+ bo), 
or z2+bo being substituted for 2, 
f@ +2bo)=f(2), -'. 22o=20, ..d=-1li.e,o0—l. 
And it is easy to prove the reverse operation. The function being 
of the second order, our proposition follows established. 


Bus a 
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4. In 
F(et2)=flF)], 
let f(z2) be a known one-valued function, and let it be satisfied by a 
known function F,(z) when «= «,, or 


Fa +#2)= HB]: 
In these make the substitutions F(z)= F,|p(z)} and z=g(z) 
respectively, then 
Fie@Fa)- Fre, FiaFra)= Flip @)], 
whence follows 
Flee#2]-Fle + p@)]: 
Therefore we see that the forms of F\(z) should be as given below. 
ÜD) yleaFrd)=n,Fgypl)+2mo, or 28 — u +gY(z) +2mo; 
üÜ) ya F2)=a,Fyp() + 2mo; 
(Ü) ylaF)=n,Fyp()+2mo, or — ı,+gy(z2)+2mo; 
(iv) pleF2)=n,FYp(l) +2mo + 2no', or 
20 — at y(z) +2mo + 2no); 
(v) p(« re = «,F9(z) +2mo + 2no', or 
o— +g9() + 2mo + 2no. 
Example. F(lae—-z)+F@)=1. 
Here F,(@)=tgz, and (a —-z)+p()= rn + ma. 
5. Let f(z) be a o-valued function and let it be 
Fe+F9)=-fhlF@], Fer)=-hlFlel »u=123,...,0 
In these we make the substitutions F(2)=F,[p(2)} and z=y(2) 
respectively, and we get 


F[p(«# 2)]= hlFip @)] 


| Fla,F pe) hip). 
If now a function 0,.(2), such as fi(z) = Pulfu(z)], could be 
found, then from above formulae we have 


Flo(e#2)]=9,.HiaFplo)- 
Assuming F,(2) to be a periodie funetion of the N" order, if we 
can find the functions 0) (2), 5=1,2,..., N, such that 


Fl2 + 09), (@)] = VaRZRONF 


then by last two formulae we have 


and 


8*# 





116 K. OGURA 


F,[Y (& = 2)] == F, lie, + 9 (2)} T ol, p (2), 
whose solution will reduce to that of (X), if either 
4Fpk)+ 02) Fyl@)=kFyYle) (k= const.), 


ie. N ()=k— a, — const., 


or 
Fre Fye)-Kkrgpk), 


RR. oe) = k+u— 2x. 
In these two cases we have respectively 
Fly(aF)=MRFYE)], and Alye@ Fo)-ER'tp@) 
Hence in the case of (i) 
o(aF2)=kFY()+2mo, or 2» — k+ypl(e) +2mo; 
(ae Fz)=k'+p(z) +2mo, or 2a -W"Fgyp(e)+2mo, 
and similarly for other cases. 
Ex. 1. In Katö’s equation, it is F\(z) = cosz, and we have 
plaFe)+Py@)-Z+pm, or ylaF)=-pr— 
Ex. 2, In 
Fe@Y + Flle — 2? — KF(e’ (ae +2’ —=1 1<k<T, 
we have F\(2)=snz, and 
9y(e F2)+p(@)=mK +2nKii, or py(aFz)—-pg(@)=mK+2nKi. 


6. To solve the functional equations (X). 
In the equation g(@& —2)+g(z2)=P, we put with Babbage 


P@)=F+4Alnled), xl 2), 


where x(2) is any function, and A(z, y) any function that only 
changes sign when x and y are interchanged; and making A, y)=y— 2 
we get Babbage’s solution. 


The following is T. Hayashi’s way of solution. 
Differentiating in regard to z and writing 2=2,+ 5 we get 
oe) 


so that g' (5 4 2) is an even function of z,, 4(2,) say, and 


ur de Ba hin = u d I 
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(5 +2)= 2a) a = rle-5), 


."..9(2) - [1(- 5)q8 


where the arbitrary constant p is to be determined from 


Ah: Ga de + (&- 3) de=Bß. 


7. The equation g(& — 2) — p(2)=ß is Impossible unless $ = 0), 
as will be seen by substituting zby «— 2. In this case we have its 


solution in 
9@)=S8), xla 2), 
where $ denotes a symmetrical function. 
Again writing z2=2, + S we find (5 + 2) is an even function 
of z,, so that 
(5 +a)=-1@a), a gd)=-1l-5) 


8. In the equation p(«+z)+g9(2)=P we can proceed in a 
similar way as in article 6, and we find 


oa -lrwas, "Inoas+]n@a=8 


where y is any periodie function with the period 2a. 

9. n (a +2)—-p(k)=P, p(2) is obviously a pseudo-periodic 
function with the period «. 

If now h(z) denote a particular solution, and y the same as in 
last article, we have 


p(@)=h @)+ Six(), xle+ 2)h 


for example 
p)=frtc+r@d)+txl@+2). 
yÄa=hk)+r) 
where % is a function with period «. 
Ex. 1. Unless ß=0, p(z) cannot be an even function. For on 


differentiation we see that g'(z) is a periodie function with period «, 
ı»(z) say. Hence | 


2 @-+2 2 z+@ 
se =]vnas, B= [voar-[voacZ | Was, 
or putting $&=&-+2,- 


B=|ve+ gas = le + D]as = vI- (&+ D1at 


Or 
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If now 9 be an even function, that is, d an odd function, 


ß [ve +2)di= ve + 2)dE, 


which is impossible except for ß=(. 
Ex. 2. To find a function p(z), such that 


yet+m)=pl)+b, plkn)— bh, 
where b is any constant and k a whole number. Here 


K)= a, v(e)= pl) — 2 2 N: 
Uu(kr)=0, u x) — oo, 
.ve@)=er)tgz, 


where g(z) is any integral transcendental funetion. 
p(2)= = + ea tg. 
Ex. 3. The eurves e=f(o), for which f(o + «)=f(o) + b, are 


not necessarily restricted to o - 0 +c. Therefore G. Loria seems 


to have erred when he says in his Spezielle algebraische und tran- 
szendente Kurven der Ebene, p. 433, that Verlängert man alle Radien- 
vektoren einer Archimedischen Spirale um dieselbe Strecke, so erhält man 
eine zweite, der ursprünglichen gleiche Spirale. Es ist hervorzuheben, daß 
diese Eigenschaft für die Archimedische Spirale charakteristisch. ist. 





10. We have next to solve the functional equations 
(Y) Pla F2)EPYyR)=EHR. 
The substitution of 2 by « — z transforms 
(le —)+y)=2:+Pß into gg) +Yylee -)=ua—z+ß 


and so there is no function that satisfies the equation. 
11. n 9(« —-2)—-p(z2)=2z+ ß, the same substitution reale 


that the value of ß must be = — > In this case we have 


9@)=S—-5+87@, 1(@-2)]. 


ra u nr ss A Zn 
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12. The solution of (+2) +9 )=2+B is 


= Br + Alx(2), x(e-+ 2)], 


where A signifies the form of function as given before and x a function 
with the period 2«. | 


13. 1£ h(z) be a partieular solution of (+2) -y()=2+B, 
then generally (x being as in article 12) 
y@)=hke)+ 8), nle + 2)l. 
For example, in d(2+b)=e-®%+?39 (2), we write log 0 (Z)=— (2), 
when we get 


Pl+2)-Pla=2:+b, ..yd-5+Su@, 1b+9], 


——S[z(@), 2043) 


p (2) 


Idee 


14. The general solution of p(«e+2)—-p(@)=2+Pß will be 
easily seen to be 
2 —ı« 
PA=2. + + Sue), net a), 


where x is a function with the period 2«. 





15. To solve the functional equations 
ge F)zy FL), 
where f(z) is any given function. 
The substitution, z2= « — 2, transforms 
9(@a—2)+ 92) = Fl2) into ge) + Pla —-2)=fla— 2). 


Hence it must be necessarily f@)=f(« — 2). 


Then 
Es .> - S[z, @—%], 
f@=%l2, « 2]; ..9(2)= 1@) Lxe—2) 





16. The equation g(« — 2) — p(z)=f(z) does not hold unless 
fa-+fle 0, or f)-Aß a-) 


In this case we have the general solution in the form 


_ x): Ala-2, 0) 
RZ x) +x(@— 2) 
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17. n g(&+:)+yp(z)=f(z), let it be 
e))=ur+a27T+:.. +0, 
and assume for @ (2) 
o@)=b"+brntt...+5,+Al@), x@H+ eo). 

Then the b’s are to be determined from the following system 
= 2b, 
= bunl, +25, 
a, — dunl,@?+ din 10, + 20°, 


„be +bermit...+b_ıa + 2b, 
In case f(z) is of the form 


p(2) = a, 0082 -+ a, sin, 
we assume 


p(2)=b, cs2+b,snz2+Al(@), x&@-+ e)], 


and b, and db, will be determined from 
b,ese+b,sneae=a—b, —b,csa+b,csea=m— b. 


18. In g(«e +2) —- p(2)=f(z), (1) if we put 


fd) tut Ti+t... +0, 
then 


y)=berrt+bertbrnit.. +b2+87@, at) 
where the function y has the period of 2a; and we have 
= don +10, 
= b,n+10, 0° + b,n0,a, 
= dun+1l;0? + d,nC5a? + bunCıe, 


„=bertti+b”+...+b,_ı0+ b,0. 
(2) If we put f(z2)=a, cos2-+ a, sinz, then 
p(d) = b, 608 2 + by sine + S[y(e), xe+ o)], 


where 


b,cse+b,sne=a+b, —bsneae+b,csao=@+ b,. 
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19. Denoting by # a functional operation and writing 
022009), el, 


we have next to solwe the functional equation 


9(92)+ 9) = f(%) Werra 4). 

02, 9%,... being successively substituted for z, we get, from 
the results, 

=: -f0) FW)... — Orr-12) + FO°r2)) 
(See Babbage, Functional Equations.) 

Examples. 

1 n 
(1) +) 


(2) To find a curve y= f(x), the product of whose two ordinates 
equidistant from a point (a,0) on the x-axis is always equal to a. 


(Babbage.) 
(3) To solve 


p(2)+ (02) 
1-90) 902) f@) 


where f(z) is any function and #?2=2z. (Laplace.) 
(4) 9(02) + plz) = f(2) (HPr2 = 2) 
does not hold unless 


Nn=p 


Iran => (6m-12) 


n=1l 
(8) 902) ya) = Fl) ("2 = 2), 
where m is any positive integer, does not hold unless 
n=m—1i 
are — 0), 
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20. A further solution of 
ye@+e)= pl) + Fl), 


where f(z) is any given rational N Br which we write 
k=1 =n u=m 





fe) Daı ee 
If we can find such re BR Fin &,u(2) that satisfy 
k=l 
(A) &(2+ «) = Day} + &5(2), 
0: 
b,, 
(B) &, u (2 Sr e)— Er &.u(2), 


(=) ey 


then we shall have a Be solution for (2) in the following expression 


=_n u=m 


Hd-EO+D Did) + Sue), 1e+0), 


i=1 u=1 

where $ stands for any symmetrical function, and y(z2) any function 
that satisfies y(2+ 2«) = &(2). 

But we have already solved (A), so that the solution of (B) will 
be considered in the following. 

Writing 

Niu (=) 2 BE Bul@t+ 2), 

we have 


1 Be: 
Mu@+D)= are Mu), Or mk@+l)= a7 Nu(2), 


where we write n72.(2) = nu(2) for simplicity’s sake. 
(1) A partieular solution of (B), when u>], is 


n—=n 1 
(2) — 
Nu ( ) PER L ne 


whose right-hand side converges without condition, except for 
2=1,2,... We can also write 


1.2) = HR)! 
(2) For u=1, the series 


n=Rn 


Br 


n=0 





gqlog T' en 
da“ 





is divergent, so that in this case we have to consider an infinite series 
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N) = et >, - rel 
n=1 
which converges except in z=—-1,—2,...; o being Euler’s or 
Mascheroni’s constant. Or being rewritten we get 
d log I'(z 
(2) = en 


as a solution of our functional tion) 


21. In the Journal of Mathematical- Physical Society in Tokyo of 
1901, T. Hayashi gives a study on the function 


ft) eROfL), Meta) = eRof(e), 
Led) =- a" +a27'+...+0, 
IL,@)=b+bn!+... +65 

and in the case »n—=2, arrives at the result that II, and II, must be 

of the same degrees in order that there should exist the function (2). 


In the following it is intended to extend the proof to a general case. 
First as the conditions that it should be 


fl@ - @,) -+ o,] — ehem) f(z I o,) — elh@+w)+I1;(e) f(2), 
FE + 1) + 0] = Reto F) 
that is, that we should have 
IL(2+0,) + II,(z) = IL,(2+ 0o,) + IL(2) + Zmxi, 


we have the » equations 


1) 1% — bo, —0, 
(2) > 1,0: +, ,) = (5 6,0, +b, o,) = 0, 


where 


and 


(nn) va +am—it... + 1%) 
— (br +b,or +... +b,-10,) = 2mei. 
Then, the irreducible zeros and poles of f(z) being &,, #9, +. . Zu 
‚ and ß,, Ps,--. P», respectively, we have, by Cauchy’s theorem, 


Jatos re) = 2xi(u-) 


and 


1) Consult OÖ. Rausenberger, Lehrbuch der Theorie der periodischen Funktionen 
einer Variabeln. 
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fr log f(z2) = il I -Ir) 


where the integrations are to be carried out along the perimeter of 
the period-parallelogram (p, p + o,,p + ®, P+ o, + @,), where p is 
to be so selected that neither pole nor zero should be found on the sides. 

From the results of these integrals, and (1) being taken into 
account, we have 


) (Vor + anaaTit... + m—10,) 
—- b, +b,or=!+...+5,-10,) = 2rilu—v) 


and 


+ al) lei De-Dp) 


where g,+1 and %„,, are rational functions of the degree n +1. 

Since (n) and (mn) are ultimately identical, and consequently 
 m=u-—v, we deduce the following results: | 

I. Between the 2(n +1) constants Qy, Ay - » -» Anz Dos di3 =» +» On, there 
exist (n + 1) relations. 

For »=1, since 

2ri(u—v) = 0 — dy9,, 

a, and db, do not necessarily vanish together. But for »n>]1, since 
40 — 5,0, = 0, a, and db, must vanish together. 

II. The elliptie function of the third class being excepted, IL,(z) and 
II,(z) are always of the same degree. 

By virtue of (1), we see, as a most notable sequence, that 

III. (») and (n + 1) are altogether independent of p. 

When each of these conditions is fulfilled, by appropriately chosing 
Ay, Ar, Ass - : -, An, we have the following solution 

fe) ae en +4:,0%@-9)0R-8)...0@ au) 


6(e—B) 0 Pr)...0@— Bi) 








SOME GEOMETRICAL THEOREMS IN THE JOURNAL 
OF THE MATHEMATICAL SOCIETY IN TOKYO. 


I. Given the vertical angle, the altitude and the sum or difference of 
the two sides of a triangle, to construct it. 

Y. Miyata’s solution of this problem is given in Vol. 2, Part 2, 
pp. 11—12 and Vol. 4, pp. 320—321, 1889 and 1891. 








re u 
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In the place it is noticed by the editor of the Journal that the 
problem is given in Wright’s Plane Geometry, Vol. 3, and that it is 
solved in Chamber’s Geometry which is however tedious, while the 
following solution is quite easy. 

1. The case of the sum of two sides given. 

In the triangle ABC draw the altitude AD, produce BA to E 
making AE= AC, form the rectangle ADOUF and produce OF'to @ 
making OFf= FG. Let EG produced meet BC in F. 

Then the points E, G, © lie evidently on a circle with A to 
centre. Hence follows easily 

<C0GH=3<EA(0, .. <CHG=AEC+IA. 

Thus in the right-angled triangle OG@H, the side ÜG and the 
angle OHG being known, OH can be constructed. 

The two triangles EBC, FBH have equal angles at E and ZH, 
so that 

FBHahRRenEuben .. BH-BO=BbE, 

Therefore BC can be constructed from the product and difference 
of BH and BC. 

2. The case of the difference of two sides given. 

On the side BC, that is greater than AC, take AE= AC. Take 
a point @ as in the previous case and let GE, BC meet in H. 

Then in the right-angled triangle C@H, the side C@ and the 
angle @ being known, CH can be known. 

From the similarity of the triangles OEBb, BEH, we deduce 
OB-BH= BE? whencee CB can be constructed, and hence our 
required construction follows. 

3. A second proof to the first case. 

In the triangle ABC circumscribe a circle and draw a diameter 
at right angles to the side AD cutting it in 4. From D let fall 
perpendiculars DE, DF on BC and AC respectively. Of these the 
one will be within the quadrilateral AD.BO and the other without. Then 


GE=SCH DE=DE AADE= A DBE, :AF=BE. 
.. CE=UF=3(AC+BO). 
In eonsequence the quadrilateral DEOF can be constructed. And 
drawing ÜP_\ AB, we have 
ADBC=DECF=(CP+DH)BH. 
Again since DBH is equal to half the angle ACB, the angles 


of the triangle DBH are known. Hence the ratio BH:DH is a 


known quantity. Therefore ((P+ DH)DH is known. 
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Thus if we draw OK__LDG, then the length of DK can be 
known from its difference with DH and the rectangle of these two 
lengths. | 

Therefore the point K can be constructed by the intersection of 
the semicircle on OD äs diameter and the circle with D as centre 
and DK as diameter. 

The point X being once found, the construction of the triangle 
ABC follows at once. 

4. Another proof to article 2. 

Since ÜG is the external bisector of the angle ACDB, if we draw 
GL_\BC and GM _LAO, the triangles OLG, CMG and GBL, 


are respectively congruent:. Hence AM, BL are equal. Hence 
CM=CL=7(AC—- BC), 
so that OLGM can be constructed. 
Again | 
2ACMG =AAU0G—- BOÜG=AGb-—- ACB=(GH-—-CP)BH, 


so that the last member is a known quantity. 
Since the angle BGH is half the angle ACB, the angles of the 
triangle BGH are known. Therefore BH:GH is a known ratio. 
Thus GK can be made out in length. Therefore the intersection 
of the eircles on ÜG as diameter and with G as centre and GK as 
diametre determines the position of K, and the desired construction 
can be derived now in an easy manner. 





II. T. Endö gives, in Vol. IV, pp. 391—394, 1891, the theorem: 
The area of a triangle is equal to half the rectangle contained by a 
projection of a side in ts plane, and the part of the line drawn to the 
side from the opposite vertex at right angles to the projechion. 

This theorem is given as an extended form of one found in the 
Sampo Shinsho of 1830. 

To prove this proposition, let A’C' be a projection of AO, and 
draw BD _L 4'C', where D is the point in which it meets the side AC. 

We also draw AC" || A'C', eutting CC" in C", and BELAC. 

Since the triangles ACC" and BDE are similar, we have 


AC" (or 40):AC= BE:BD, 


. AO-BE= 4'0'.BD, 
that 
% A ABO=14'0'.BD. 


ru on I \ 
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II. The nine-point eircle of a triangle touches the inscribed and 
escribed cürcles. 

The following proof to this variously proved theorem is one not 
diffieult of understanding. (S. Shitö, Vol. V, pp. 99—101, 1892.) 

In a triangle ABC, let the altitudes AG, BH meet in O, and 
let D be its circumcentre. Then the middle point N of OD is the 
centre of the nine-point cirele. 

| Denoting the incentre of the triangle by I, draw IL, DM LAG, 
and DF_ BC. Join the point I to O, D, N, A and join DA. 

If then R and r signify the radii of the circumscribed and 
inscribed circles, the following theorems can be established. 


ik | 10° = 2r?_ 40.06. 
2. DI®— R? — 2Rr. 

Bu 10? = R? — 240:0G. 
4. SINE ır. 


Now / is the incentre and N the centre of the nine-point circle, 
r and —R the radii of these circles. Hence the centre-line of the 
two ceircles is equal to the difference of their radii. Thus the two 
circles touch each other. 

Similarly we can shew that the nine-point circle touches the 
escribed circles. 





IV. ©. Hitomi, A proof to Pythagoras’ theorem. (Vol. V, pp. 251 
and 252.) 

Let ABC be a triangle right-angled at A. Describe squares on 
the three sides outside of the triangle. 

Draw from A a parallel to BC and produce the side at D of the 
square on BÜ (AB is supposed to be greater than AC'), thus dividing 
the square on AB into two triangles and two quadrilaterals. 

Next from A let fall on BC the perpendieular AP, and from P 
draw parallels to AB and AC. On these lines complete a square 
which is equal to the square on AC, and produce one of its sides to 
meet the side opposite BC in the square on it. Thus the square on 
bC is decomposed into two triangles and two quadrilaterals besides 
the square equal to AC?. These are easily seen to be congruent to 
those into which AB? is divided. 

Therefore the Pythagorean theorem follows. 


. ee 
BRETT 
ya 
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V. To construct the perpendicular distance between two given parallels 
that subtends the greatest angle at a given point. (This proof and the 
following are due to T. Ono. Vol. V, pp. 297, and 354—357, Vol. VI, 
pp. 12—14, 1892.) Br 

Through P, the given point, deseribe a circle with the centre on 
the perpendicular equally distant from two given parallels and let fall 
on them. Let AB and A’B' be the perpendicular distances of these 
parallels cut off by the circle These are the required lines. 

For let A,B, be any other perpendicular distance of the parallels, 
and draw AE|A,P, BE|B,P. The point E is on the parallel 
through P to the given parallels, hence outside of the eircle. Hence 


<APB> AEB(.'.> A,PB,). 


VI. A quadrilateral with two pairs of opposite sides whose sums 
are equal can be circumscribed about a circle. 

To prove this theorem directly. (T. Ono.) 

Describe a circle O to touch the three sides AB, AD and OD. 
Let P and @ be the points of contact with AB and CD respectively. 
(Here we suppose the point O is to that side of PQ on which AD lies.) 

Then BP+C0Q0=DBC, on account of the premise that the sums 
of opposite sides are equal. Hence if we take BR= BP, then also 
UOR=(0Q. Thus OPQ, BPR, CQR are isosceles triangles, on which 
our consideration rests. 

We have then 

PRQ=OPR+OOR, 

for RPB and RQC being added to both sides, these become each 
two right angles. 


OPR£ERPQLROP=OPQ+RPQ+RPB, 


for twice the left-hand side is equal to the sum of the angles of the 
triangle PQR, on account of above obtained relation, and the right 
member is evidently a right angle. 


SRQP=-RPB=-LPRB, 
whence we infer that Ab and BC, and consequently CD on a similar 
ground, all touch the circle circumscribed about the triangle POR. 
Accordingly this cirele identifies with the circle O and therefore 
the latter touches all the sides of the quadrilateral. 





VII. A direct proof to the theorem: A quadrilateral whose opposite 
angles are supplementary is inscribable in a circle. (T. Ono.) 


„Hub ir » Yo 
nr = =; % 
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Describe the eircumeircle O of the triangle ABD, and draw the 
tangents BE, DF. Then 


ADC+ ABC = 2right angls= ÖOBE+ ODF, 


..ODA+0BA=BAD=(CDF+COBE. 
But 
BAD=BDF=CDF-+CDEZ, 
\CDB=COBE, 


which establishes our theorem at once. 


VIII. Of the quadrilaterals with sides of given lengths the inscribed 
quadrilateral has the greatest area. (T. Ono.) 

The four sides and the diagonals being denoted by a,b,c,d 
and m, n, we have for the area & 


S=+y{2mn + a —b?-+ cd — d?)(2mn -— ®+b’— +dP))- 


Hence $S assumes a maximum when mn is so. But mn is 
<ac+bd, and in an inscribed quadrilateral the two quantities 
become equal. 

Therefore the inscribed quadrilateral has the greatest area of all 
quadrilaterals whose sides are given in magnitudes. 

If we write a+b+c+d=2s, the expression for area, in case 
mn = ac + bd, becomes 


8= yvis-a)ß-b)E- JE A). 

Consequently the maximum value does not change for any order 
in which the quadrilateral may be composed of its sides. 

It may be proved also that the maximum polygon whose sides 
are given is one that can be inscribed in a circle, that the circle has 
the greatest area of all figures with a given perimeter, and that of 
the polygons whose sides are given all but one the polygon inscribed 
in the semicircle on the excepted side has the greatest area. 


IX. In a complete quadr:lateral the orthocentres of the four triangles 
formed by its sides and the cürcumcentre of the triangle formed by the 
diagonals are all on a straight line perpendicular to the straight line 
joining the middle of the diagonals. (T. Ono.) 

Let L, M, N be the middle points of the diagonals of the complete 
quadrilateral ABCDEF, and POR the triangle of the diagonals. 
Then LP-LQ=LÜ?, as is easy to see. 
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Hence the circle with AC as diameter intersects orthogonally 
with the eireumeirele of the triangle PQR. 

Sımilarly the circles described on BD and EF cut orthogonally 
the same circle. 

The centres of these circles are L, M, N and are collinear; the 
eircles form a coaxal system. Consequently the eircumcentre of the 
triangle PQR is on the radical axis of the three circles. 

Next let the three perpendieulars AX, FY, DZ of the triangle 
ADF meet in O,. Then the circles Z, M, N pass through X, Z,Y 
respectively, and 

0,4-9, X=0,F-0,Y=0,D.0OY7, 
so that O, is on the radical axis of the circles. | 

The orthocentres of the triangles AEB, FBO, CDE may also 
be proved to lie on the radical axis of the three circles. And the 
radical axis is at right angles to the line LMN. 

Therefore our proposition consists. 





ON THE TRISECTION OF AN ANGLE. 


1. The problem of trisecting an angle has attracted much attention 
in Japan as in other nations. And the Japanese scholars have come with 
some results, of which we here give a method derived by T. Yasutomi 
in the Youth of Japan, Vol. 3, No. 9, May, 1891. His method was 
only achieved after a long study of seven months. It seems to have 
been a discovery made some years before it was published. 

Yasutomi’s way is this: 

With the vertex O of a given angle AOB as centre describe a circle 
cutting the Sides in © and D. Draw a diameter of the circle at right 
angles to OD, meeting the circle in E on the opposite side of O as CD. 
Produce it to F' so as to make EF one third of the diameter. Join F 
to @ and H, the trisection points of OD, and produce the lines to meet 
the eircle in K and L. Then KO and LO trisect the given angle. 

This construction is given without proof as a matter of course. 
But the author is in a firm belief that his way should be strietly 
rigorous. 

Hereupon K. Ishino disproves it in the Mathematical Reports of 
June, 1891, pp. 9—12. Thus writing <OFK=a, <OKF=B, the 
given angle =, we have 
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F cos +2 

M 2 

cotı= 7 a7 = > 3 cotz = 5cosec °, 
MG 2 sin 2 


and 


: OF Bar 
sinß=o7' sine z sin «. 


From these formulae, by assigning values to 0, we can calculate 
y=<KÖOL, which is ie constructed EN of trisection, and thus 


v— ° are found for 


3 
a 2 9087272, 0005 20 
to be 
ea et 36 16,4 08 
respectively. 


Therefore this method can be applied only for small angles. 


2. In the Mathematical Reports, Vol. 10, No. 95, September, 1894, 
T. Yasutomi gives another way of approximate trisection of an angle. 

Given the angle AOB, bisect it by 00. Draw DOE CO, and 
describe a semicircle with the centre O cutting OE, OC, OF in E,C, F. 
Trisect the semicirde in m and n. Om OD take OD! equal to its one 
third. Describe a semicircle with O as centre and with OD as radius, 
meeting OD, OA, OC, OE in D', I, F and E'. Bisect "OF in O', and 
with O' as centre describe a semieirde D'OE" equal to D'FE!', the 
diameters being parallel. Take Ol'= Fl. Join mD" and produce it to 
meet the larger semicircle in P. Join PO. Then AOP is approximately 
one third of the given angle. 





3. In the Oriental Journal of Science and Art, Vol. 8, pp. 518—520, 
October, 1891, D. Kikuchi describes an instrument, invented by 
Y. Mitsuyoshi, by means of which the trisection of an angle can be 
effected. 

Mitsuyoshi’s instrument consists of three wooden arms Ab, BC 
and ED, of which BC is joined to DE in a point on it, namely in (©, 
where OB is made to revolve. The arm BA is connected at the end 5 
to the end of ÜB, where it can revolve likewise. The other end A 
moves freely along ED. The instrument is provided with a hole at BD, 
to fix it on paper. ADB, BC, OD are made equal and CE should not 
be less than twice one of these equal lengths. 

To trisect an angle by this instrument, we apply D at the vertex 
of the angle and fix BA along one of its sides. We then move ED, 

9* 


Br... 
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keeping it always in contact with the point A, until D comes on 
another side produced. The angle BDA is one third of the ’given angle. 

For, denote the angle to be trisected by Ab F" nen the triangles 
ABC and BCD are both isosceles, we have 


—OBD=ODRSBA0 I O DW . BCDZ23 BDA, 
'.<BAD+BDA=3-BDA=ADBE: 


Here D. Kikuchi-adds that it would be more convenient to fix 
the arm AB along the prolongation of a side in place of putting it 
along a side. In this case the point D is to be brought on the 
remaining side of the angle. 


4. C. Hitomi makes a review in the Journal of the Society of 
Mathematics in Tokyo, Vol. 5, pp. 251—255 and 326—328, 1892, of a 
triseetion method by Benson in the British Journal of Education of 
1888, which runs: 

Let ASB be a given angle. Draw a cirde O on the side AS as 
diameter. Erect SL, PW __AS, P being the middle of OA. From W, 
where PW cuts the circle, draw WM|\ PS, meeting SL and SB in M 
and ©. On WM produced take WX= WC. Draw XO cutting the 
cirde in E and Y. Draw ED|\SB, meeting the circle again in D. 
Join DO and produce it to meet the circle in F. The points E and F 
being joined to 8, the given angle will be trisected by these lines. 

To this construction of Benson’s, E. P. Matz, chief editor in the 
mathematical department of the Journal, makes a remark that it should 
be a complete solution obtained for the first time. 

If however the above construction were correct, Y would be the 
middle of the arc SD, and conversely if Y be the middle of the are 
SD, then the arcs AE, EF, FN will be all equal and the given 
angle actually trisected. 

But this is not the case. In other words, the line ED, that 
joms E with the end D of the diameter drawn from the middle of 
the arc EN, is not parallel to $B. This fact can be easily made out. 

Benson’s construction becomes exact only when the given angle 
is a right angle. 
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STUDIES ON PROBLEMS OF CONSTRUCTION 
GEOMETRICALLY IMPOSSIBLE. 


I. 


T. Hayashi, On the impossibility of a geometrical construction of 
a triangle whose three biseetors of angles are given in lengths.') 


Analytical expressions that are capable to be geometrically con- 
structed by means of a ruler and a compass are restricted to those 
that arise from a number of known quantities that are operated 
a finite number of times by rational operations and root-extractions 
of the second degree. 

This theorem enables us in showing the impossibility of the 
problem of construction of a triangle, the lengths of whose three 
bisectors of angles are given; a problem considered at full length by 
Korselt in his paper, Über das Problem der Winkelhalbierenden.®) This 
Korselt’s demonstration is very elegant; but at the same time it lacks 
an easy understanding. We have therefore endeavoured to render the 
proof of this problem accessible to the domain of elementary mathe- 
matics, although the treatment should thereby loose much in generality 
and rigour. 

The impossibility of this problem will be clearly made out when 
we show it is even so in a special case. 

Let the three sides of a triangle be denoted by a,b, c, and the 
lengths of the bisectors of angles by «, ß, y. We shall have then for 
@*, B?, y? the values 


a \? b \? ce \2 
bei1- (5%,) I a1 (; -) I ab|1- (u) | 
Here we shall consider only the case of ß=y. In this case, also 


b=c; and we get 


2 2 a? 2 
ee ehe B’= ab 





a?- 2ab 
(a + b)? 
By eliminating a from these relations we have 
(86? (b? — «?) — B?(55? — 40°)}? = 165? (b? — a?) (2(b? — a?) — P?}?, 
or the substitutions x = b?, p = «#, q= ß? being made, 
16(9— 4p)a°+ (128p°— 16pg — I?) + 8p(3g? — 8p?)x — 16p’’= 0. 
1) Journal of Phys. School in Tokyo, Vol. 8, pp. 221—223, July, 1899. 


2) Zeitschrift für Mathematik und Physik, Bd. 42, 1897, und Zeitschrift für 
mathem. und naturwiss. Unterricht, Bd. 28, 1897. 
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If one root of this cubic equation were geometrically constructible, 
then its analytical expression would be of the form f(»,g9) or 


f,(»,9) + Vf(p,gq), where f, f,, /, denote rational functions ofp and g. 
In the latter case the cubie would have still another root 


1») - Vh(pd), 


so that it would be perfeetly divisible by 2 - (m DV - k(2,. Q), 
leaving a quotient in the form of a linear function in x with rational 
coefficients. In both cases therefore the cubic could be divided perfectly 
by a linear function of x whose coefficients are rational in regard to 
p and g. 

But it is evident that we can choose for p and g values that will 
render our cubic in an irreducible form. Such are, for example, p =1 
and g=16, when the equation assumes the form 

x? — 92°? + 232 —- 16=(, 
which is undoubtedly irreducible.e No root of this equation can be 
constructed without taking the advantage of a root-extraction of the 
third degree. 

Thus there is at least a case that is impossible to be constructed 
even when we conceive ß and y to be equal. Our problem is therefore 
inconstructible in general. 








II. 


On the extension of a problem of Pappus. 

1. The problem of drawing a straight line through a given point 
that will be intercepted a given length betiween two given straight 
lines was solved by K. Tsuruta as an extension of Pappus’ problem in 
the Journal of the Mathematico- Physical Society in Tokyo, Vol. IV., and 
afterwards also by J. Midzuhara in a different way in the same volume 
of the same Journal. 

These two methods are as given below: 

2. K. Tsuruta runs thus: 

A solution of this problem may be made to depend upon the 
following two theorems whose establishment is very easy. 


(1) The locus of the middle point of a straight line of given length 
and included between any two given straight lines is an ellipse. 

(2) The locus of the centre of gravity of the triangle formed by a 
straight line through a given point with two given straight lines coplanar 
with the point is a hyperbola. 
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The construction of our problem is then as follows: 

Deseribe an ellipse (1), taking the constant length = * of the given 
length; then describe a hyperbola (2), the given point being taken as the 
fixed point. 

Next describe another ellipse similar to and concentric with the ellipse 
already described, the former bearing to the latter the ratio of similitude 
of 3:2. 

The minor ellipse will in general intersect with the huperbola in 
four points. 

Again draw from the intersection of the gwen straight lines the four 
radii vectores through these points and let them intersect the ellipse in 
Berker, PR, 

Then the straight lines OP,, OP,, OP,, OP, have their segments 
included between the gwen straight lines equal to the given length. 

This paper of K. Tsuruta’s bears the date of May, 1889. 

3. J. Midzuhara’s construction will be reproduced in the follow- 
ing lines: 

The solution of this problem may otherwise be made to depend 
upon the following two theorems which can easily be proved. 

(1) The same as the theorem (1) in Tsuruta’s paper. 

(2) The locus of the middle point of a straight line passing through 
a given point and included between any two given straight lines is a 
hyperbola. 

There is in general four different positions of the straight line 
satisfying the condition of the problem, and it is remarkable that the 
middle point of the given portion, that is to say, the four points of 
intersection of ellipse (1) and hyperbola (2) lie on a fixed ceircle This 
circle may be obtained directly from the following geometrical con- 
sideration. 

Let AI and EI be the two given straight lines and P the given 
point. Draw PA and PB parallel to these lines. From the points 
A and B let fall perpendiculars AO and 5O on the lines EI and AI, 
respectively; then the point of their intersection O will be the centre 
of the circle in question. 

Let PQS represent a position of the required straight line and 
O5 be equal to the given length. Join ©, I, 5 and the middle point 
M of 95 with O0. Draw QD and SF perpendieular to PA and IE 
respectively, and also PH at right angles to EI. We also take E 
for the point where O.A meets the given line IE, and C for the point 
where QD intersects with AP. Draw O@ perpendicular to A1. 


fine CH EN NORA BR | 
x x ae Fl 4 
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00°?= IQ?’+1I0?’—-2-IQ-IG, 
S0?= ST+I0?+2-8I-IE, 
whense by addition we have 
00?+ 80°?= IQ?+58I?+2-I0?+2-8I-IE—-2:IQ:IG. 


But | | 
I®+S?=8Q°—-2-8I-ID, 
(1)... 092+80°=8Q?+2-I0°?+2-8I-IE—2:8I-ID—-2-IQ-IG 
—= 85Q?+2-10?+2-8I:-DE—2.IQ-IG. 
By similar triangles we get 
IE .1B..PQ.%06C CH ED 
EB SSB sPSt UPH- AR HT 


whence 
TED WO TER 


PBRTIE DES 








Also 
SI_SB_SF_SE_FB. 
DI «BP E PEST 


From the last two formulae we have 





TO ES 
DENSOTS 
or 
SI-DE— OI-IG =. 
This being substituted in (1), 
S0?+80°’=850Q?+2:I0°?. 
But : 
00 +80°-2.10°+2.°%. 
Hence 


M0:="% + 10°= const, 


From this it is evident that the middle point M lies on the circle 
whose radius = hypotenuse of a right-angled triangle having . 8% 
and IO for its sides, the point O being the centre. 

4, The above ways of solutions are both carried on the employ- 
ment of the conies. It is still questionable whether the problem could 
be constructed by means of merely elementary geometrical requirements. 
The question was taken up by T. Hayashi, who arrived at the following 
result:?) 


1) Journal of Phys. Sch. in Tokyo, Vol. 10, pp. 1—4, December, 1900. 
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Let P be the given point and OA and OB the given straight 
lines, the angle included between them being o. 

Suppose for a moment our problem solved, and let POR be a 
straight line satisfying the required condition. We denote thereby 
QR=a for the given length. We shall have then 


QR’= 0Q0?+ OR?—2:.0Q0:ORcoso, 
or 
a?’= 2°?+ y’— 2xy cos ©. 


From this and the relation 
y+n)im=y:z, 


where m and » stand for the coordinates of the point P referred to 
the given lines as axes, we eliminate y and obtain the equation 


x — 2(m + n 008 0)@°’+ (m?+ n?+2mn cos» — a?) «+ 2a’ mx — a m?—=0, 


no root of which is capable to be geometrically constructed, which we 
are going to point out. 

For the demonstration of this subject it will be only sufficient ıf 
we take a special case and show the impossibility of a geometrical 
construction even in that case. For that purpose we choose the values 
o=90°’ and m=n=2; when our equation assumes the form 


—-4°?+8 —- a) +4 —Aa=0, 
or a? being replaced by 44, 
(1) at — 40° — 360 +4 x Mr AxM—=(. 
Now the general equation of the fourth degree 
(2) ax? + Abo? +6c® +Adcete=0 
will be transformed by the substitutions i 
Z=ax+b, H=ac—b, 
T-ae-4bd+3e, G=atd — 3abe + 28°, 
into 
(3) Z’+6HZ?+4GZ+ @I—3H’=0. 


Whenever any root of (2) is constructible by the applications 
of rational operations and a number of root-extractions of the second 
degree, so it should be also the case with one root of (3), and vice 
versa. And if one root of (3) were constructible, the same equation 
should have necessarily another root that is also constructible. 


Kar Fk u Je 
1 i erh wo 
r h 
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If we put Z=yp+Yygq+ Yr, then p, q and r will be the roots 

of the eubie 5 
a®I 
P4+3H24+ BP) 0. 

Hence the problem of the constructibility will be decided by a 
study of this last equation. 

By replacing the constants in the equation (2) by those in (1), 
the last equation will take the form 


2° — 21° +81 —- 14 =0, 
which is irreducible as will be easy to see. It is therefore the con- 
struction impossible. 


Consequently it follows that our problem is geometrically in- 
soluble.!) 


+ 


II. 


T. Hayashi, On an extension of Castillon’s problem.?) 


Among the problems of elementary geometry there is one called 
by the name of ÜCastillon. ° It is this: 

To inscribe in a given circle a triangle whose sides should pass 
throuyh three given points. 

This problem was first proposed for solution in 1742 by Cramer 
to Castillon, who published his solution in 1776. In the year 1780 
appeared its various solutions by Lagrange, Euler, Lhulier, Fuss and 
Lexell. 

A Neapolitan youth of sixteen, Oltaiano by name, succeeded in 
so far as to extend this problem into another to inscribe a polygon 
of n sides, whose sides pass through n given points. Oltaiano’s solution 
for his extended problem was very simple and yet so elegant and 
astonishing that he was met with a great surprise. 

Still later Poncelet replaced the circle with any conie and put 
some restraints on the positions of the points where the sides are to 
be made to pass. 

The problem we are going to solve in this place is one that may 
also be termed in a sense as an extension from the problem of 


1) From the irredueibility of an equation of the fourth degree it does not 
immediately follow that its roots are inconstructible; but the same property in 
the cubic imposes on its roots a necessary inconstructibility through the geo- 
metrical means. 

2) Journal of Phys. Sch. in Tokyo, Vol. 13, pp. 204—208, May, 1904. 


a Te 
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Castillon. Namely, we propose to construct a triangle inscribed in a 
given circle, its three sides being reqwired to touch three given circles; 
this is a problem contained without solution on the closing page of 
Lachlan’s Treatise on Modern Pure Geometry. 

The solution of this problem being required, it was submitted 
by the author to the study of K. Katö, who came to the result that 
it is impossible for a mere geometrical construction. 

The following is the answer given by K. Katö. 

Let 5 be the circle wherein a triangle is to be inscribed, and 
let A, B, © be the three given circles, which the sides of the proposed 
triangle have to touch. We conceive for simplieity’s sake the two 
circles $S and Ü to be concentric; for it will suffice for our purpose to 
show the impossibility of our problem even in such a special case. 

We assume PQ@R to be the inscribed triangle The side OR, 
that touches C and is at the same time a chord of the concentrie 
circle $, has a prefixed length. Hence the angle at P that stands on 
the cirecumference opposite this 
chord has also a prefixed magni- 
tude, @« say. The point P will 
be therefore an intersection of 
$5 with the locus of the point 
of intersection of two straight 
lines that touch the circles A 
and B respectively and contain 
a certain angle. If this locus 
should be found to be a curve 
of the third or higher degree, 
then our task must be deemed already done. For there is no curve 
other than the circle and the straight line, whose intersections with 
a circle can be determined by a geometrical construction. (Petersen, 
Theorie des Equations algebriques.) 

Let the two sides under consideration touch with the circles A 
and BD in the points V and W. Describe on AB as chord an arc 
that contains the angle equal to the suplement of «. In the segment 
thus constructed, inscribe an angle AOB whose sides AO and BO 
are in the ratio of the radii of the circles A and D. The position 
of O is determinate. If we produce OA and OB to meet PV ın E and 
PW in F respectively, the triangles AEV and BFW are similar, so 
that AE, BF are in the ratio as AO and BO. Consequently AD and 
EF are parallel. Hence the angle OPF= BAO = const. = ß say. 
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We take O for the pole of polar coordinates and OBF for the 
initial line, and we find the equation to the locus of P in the form 


r sin ß 
p 





-1+,sn(0+B), 
where we put a=OBandp= DW. This equation evidently represents 
the curve inverse to the conie 


k sin ß 
rp 





-=1+,sn(0+Bß), 


one of the foci being taken for the centre of inversion. Such a curve 
is in general of the fourth degree and does not separate into two 
curves of lower degrees. 

It follows therefore immediately the inconstructibility of the 
problem. 


IV. 
A problem considered by K. Kato.') 


(GFiven the orthocentre, the incentre and the circumcentre of a triangle 
to construct il. 

Denoting the orthocentre by P, the incentre by I, the circum- 
centre by O and the centre of gravity by G, and also the radii of 
the inscribed and eircumscribed circles being designated by r and R, 
the three points P, @, and O are collinear, and we have 


PG=G6G0, GI=ZR-r, 
and 


OP°=gR’—- (®+b+e), OP=R?—- 2Kr, 


as will be seen from Lock, Higher Trigonometry, p. 134. 

It follows therefore that the positions of the orthocentre, incentre 
and circumcentre can be determined, if we know the magnitudes of 
R,r and ®=a?+b?+c. Hence we have only to consider the 
problem of constructing a triangle from the last data. 

Here we have 

nen R 
where 


s=4(a+b+o, A=YVs(s-a)(s—b)(s-e). 


1) Journal of Phys. Sch. in Tokyo, Vol. 14, pp. 123—126, March 1905. 
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From these relations it is easy to draw out the expressions 


Ei a a 
| 16Rr+4r? +? 
a 2 = ? 


abe=4KRr er ei. 


so that a, b, c will form three roots of the cubie 


ab+bce-+ca= 


and 





a — VIORr + Ar ta. rt, 


— 2Rr yl6Rr +4? +28 =0. 


In the special case for which we put 


Fe r- VE, #=61, 


the equation will be reduced to the form 
x — 3?+ 5er —- 1-0, 
(3) —- 4 —-6)+1=0. 


The three roots of this equation, &, ß, y, which are arranged in 
order of magnitudes, lie between the intervals 


Zara mebr 0 <y 6; 


and none of them can have a rational value, for the roots of an 
equation, whose coefficient of the highest term is unity, can be rational 
numbers, when and only when they are integers positive or negative. 

But the roots of a cubie cannot be constructed geometrically 
except when they are rational numbers. 

Therefore the roots of the equation before us cannot be con- 
structed by a geometrical means even in its special case. Our problem 
is therefore impossible in general to be geometrically solved. 


or 
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Y. SAWAYAMA, ON A GEOMETRICAL THEOREM 
DEVICED BY THE OLD JAPANESE SCHOOL OF 
MATHEMATICS. 


In the Sampo Semmon-Shö, compiled by Gokai in 1841 there 
stands a question that finds its enunciation in these words: 

There is a circular segment, as shown 
in the figure, in which a triangle is inscribed 
and there are described three circles, a great, 
a middle, and a small. The diameter of the 
great circle is 4 inches, that of the small 
circle 2 inches. How long is the diameter of the middle circle? 

The answer is given, in the work, as the middle diameter 
— 3 inches, while the author indicates his process of caleulation thus: 

The diameters of the great and small circles being added together, 
one half of this will give the diameter of the middle circle. 

There is added no proof or explanation in Gokai’s work, as has 
been the case with many other publications of mathematicians in 
old Japan. 


ac, 





I. 


Y. Sawayama takes up this problem and succeeds in establishing 
some theorems by extending the meaning of the proposition contained 
in the above enunciation of Gokai’s. The result of his study is given 
in the Journal of the Tokyo Physics School, Vol. 9, pp. 221—224 and 
259—266, June and July, 1900. 

1. If a perpendicular be let fall from the vertex to the base of a 
triangle whose base angles are both acute, and if the circles are described 
that touch the perpendicular and the base and the circumeürcle of the 
triangle internally, and also those circles that touch the base produced 
and the perpendicular produced across the base and the circumeürcle 
externally, then we cam deduce certain propositions that concern to these 
cürcles. | 

(1) The arithmetic mean of the radiü of the two inscribed circles is 
equal to the radius of the circle inscribed in the triangle, and the arith- 
metic meam of the rad of the two externally touching circles is equal to 
the radius of the escribed circle that touches the base. 


(2) The geometric mean of the radii of the two circles that are - 


situated in the two opposite angles formed by the base and the perpendicular 
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is equal to half the least chord of the circumeirce that can be drawn 
through the foot of the perpendicular. 

(3) The centres of the four circles are concyclie. 

2. We first consider some lemmas that serve for the establishment 
of our propositions: 

Lemma 1. A cirde O is cut by a transversal BC and a circle is 
drawn through the points B and C, with the middle point M of the 
arc BC as centre. If then a third circle J is described touching the 
transversal on the opposite side (or on the same side) of the point M 
and also touching the circle O internally (or externally), the circles J 
and M intersect orthogonally; and vice versa. 

For let P be the point where the cirele J touches the transversal 
and @ the point where the circles J and O touch. Join OM cutting 
the transversal and the circle O in @ and N respectively. From M draw 
MT touching the circle J. 

From the two isosceles triangles OMQ, JPQ we see the collinearity 
of the three points Q, P, and M. 

The angles PQN and PGN are each a right angle, so that the 
four points P, @G, N, @ are concyelie. 

Hence we infer that 
MQy-MP=MN-MG, ad MQ-MPF=-MT’; 
also 

MN MW GM B2=-MC” 
Er MTZ=MR= MC, or - MT=-MB=- MO; 
whence follows our lemma. 


Lemma 2. If in the circle O in last lemma a transversal AA’ is 
drawn cutting BC at right angles, A and A! being its points of inter- 
section with the circumference, and if from the point I, in which MA 
or MA’, produced if necessary, meets the circle, IE and IF are let fall 
perpendiculars on BC and AA! respectively, then the three points E, F 
and M are collinear. 

The converse of this proposition is also true. 


Lemma 3. The radius of the circle inscribed in a triangle ABC 
(or the escribed circle that touches the side BC) is greater than, equal to, 
or less than, the distance IF from the incentre (or excentre) I to the 
height AD, according as the non-smaller of the base angles is acute, 
right or obtuse. 


3. We now proceed to the demonstration of our propositions. 
Proof to the proposition (1). 
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Let the base angles of a triangle be both acute, and let D be the 
foot of the perpendicular let fall from A on the base. Then the 
arithmetic mean of the radii of the two circles that touch DC and AD 
(or BC produced and AD produced through D) and the circumeircle 
internally (or externally) will be equal to the radıus of the circle 
inscribed (or esceribed touching the base DC) in the triangle. 

We carry our proof in four stages. 

(A) If from the middle point X of the line joining the centres of 
the two circles J and J' that touch AD and BO, which intersect in D, 
and that are described orthogonally 
intersecting with a circle M, which 
cuts BC in the points B and CO, 
perpendiculars XE and XF are 
let fall on BC and AD, then the 
three points E, F and M will be 
collinear. 

For as X is the middle point 
of JJ', so is E the middle point 
of PP', where P and P' are the 

\ points of contact of the circles 
u with BC. Hence we have 





EJ’woEJ®?= (EP? + PJ®Y)o (EP? + P'JN) = PIE PT 
From the orthogonality of the cireles J and J' with M, we deduce 
MJ?’=PJ?+ MB? MJ'"= P'J'” + MB?, 
BUBEN EI ZEN AN 


whence 
EI? EJ = MI? MJ'®, 

whence again we infer that ME and JJ' are at right angles. 

MF and JJ' are also at right angles in a similar manner. 

Therefore the three points E, F and M are collinear. 

(B) If in (A) AD and BC are at right angles, the point X will 
be on the cirde M. 

For in the triangle MJJ' we have 

2:XJ?+2.-MX’=MJ?+ MJ'?. 

Since the triangle constructed on JJ' as base by drawing its 
sides parallel to BC and AD has them equal to o+o' ande -_), 
where o and oe’ denote the radii of the circles J and J', so it is 


2. XP’ alle +)’ +E- = Et E”. 





RT rn 420 Ne A ZU 
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This and the values 
MJ’=0°+ MB? MJ'"’=o0°+MB:, 


that arise from the orthogonality of the cireles, being substituted in 
the first obtained expression, it becomes after reduction 


2 MR = 3..MB’'0r MX ='MB. 


The point X is therefore on the eircle M. 


(©) Assuming that there are at least two eircles that touch the base BO 
(or base produced) and the height AD (or its prolongation through D) 
and that touch the inscribed circle of the triangle internally (or externally 
the eseribed circle touching the base), the straight line that joins their 
centres J and J' will pass through the incentre I of the triangle (or the 
excentre pertaining to the base) and will be at right angles to the line 
that goes through the feet E, F of the perpendiculars let fall from I 
on BC and AD; and the distances from the centres to IE will be each 
equal to the radius of the insceribed (or escribed) eircle. 

First to prove that the middle point X 
of the line J.J' is coineident with the point /, 
and consequently that the points J and J' 
are equidistant from the line IE. 

Describe the circle BIC, and denote its 
centre by M. By Lemma 1 the circles J and 
J' eut this eircle at right angles. 

Since the circles J and J’ touch BO 
and AD and intersect with the circle BIC 
orthogonally, the feet E' and F’ of the 
perpendiculars let fall from the point X on BU and AD are collinear 
with the centre M of the circle BIC, as we have proved in (A). 

Since the circles J and J' touch BC and AD, which are at 
right angles, and cut orthogonally the ceircle BIC, we infer by (B) 
that the point X is on the cirele BIC. 

Since X is on the circle M, and the points E', F' and M are 
collinear, X is by Lemma 2 on the line AM or on the line that joins 
M with the point A’ where AD intersects with the eircumeirele again. 

It is evident that one of the two intersections of AM with the 
eirele BIC is the incentre of the triangle ABC and the other the 
excentre that appertains the side BC, and that the intersections of 
A'M and the circle are the excentres of the triangle A’ BC corresponding 
to the sides A’B and A'C. 


Abhdlgn. z. Gesch. d. math. Wiss. XX VIII. 10 
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Hence to show that X is the incentre of the triangle ABC (or 
the excentre in regard to the side BC), it is only necessary to point 
out that this point is not the intersection of A'M with the eirele BIC. 

As the base angles of the triangle AbU are both acute, the 
point D is within the base The two angles A’bO and A'CB of the 
triangle A'BC are also acute. Hence the distance to BÜ from the 
intersection X’ of A’M and the circle BIC is less than that from X’ 
to AA’, as will be easily proved. 

But the distance from the point X to DC is greater than that 
to AA. For the former is equal to the sum of the radii of two 
inscribed circles, while the latter is equal to their difference. 

The point X, therefore, cannot but coincide with 7. 

Next we shall prove that the points J and J’ are each on the 
straight line that passes through / and is normal to EF, and that 
the distances from IE are equal to the radıus of the inscribed eircle 
(or the circle escribed to the side BC) of the triangle ABC. 

From what we have said in the demonstration of (A), JJ' is at 
right angles with E’F'. But the point X being coineident with I, 
the points E and F' must coincide with E’ and F’ respectively. Hence 
JJ' is perpendicular to EF. The radii of the circles J, J’ and I, 
that are drawn to their point of contact with BO are all parallel, 
and / is the middle point of JJ', so is E the middle point of the 
part of BU that lies between the points of contact of J and J', that 
is, the middle point of a segment equal to the sum of the radiı öf J 
and J'. Therefore the distances from J and J' to IE are both equal 
to the finite IE. 

(D) There are two and only two inscribed (or externally touching) 
circles spoken of in (0). 

If we assume that there are inscribed (or escribed) eircles on each 
side of the height AD of the triangle ABC, the number of these 
cireles is evidently not more than one by what we have said in (0). 

Next we have to prove that there is always such a circle on each 
side of AD. 

Let /, and J, be the two points that lie on the line perpendieular 
to EF' and passing through the point I, spoken of in (C), such that 
the distances from the line /E are equal to the finite /E. Let also 
J, and ( be on the same side of IE and let the angle ABC be not 
less than the angle AUB. 

From J, and J, draw J,P, and J,P, at right angles to BC, and 
draw J,V, and J,V, perpendicular to AD. 
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In the two right angled triangles EFI and J,IW, where W is 
the interseetion of IE and J,V,, the two sides EF and EI of the 
former are respectively normal to J,I and J,W, so the acute angles 
FEI and I1J,W are equal; and, IE= J,W by construction. Hence 


the triangles are similar, and we have 
IE=WJ,, IF=WI. 


Evidently IF= WV,, too. 

But by Lemma 35, [Eis > IF. Hence IE and W.J, are respectively 
Wand WV,. 

The points J, and JJ, are therefore on the same side of BU and 
on opposite sides of AD. 

Since EI, EP, EP, are equal with each other by construction, 
the eircle described with E as centre and EI as radius touches J,P, 
and J,P, at P, and P,. 

Since P,-J,, El and P,.J, are parallel to one another and E is 
the middle point of P,P,, so I is the middle of J,J,. Hence F is 
the middle point of V,V,. The circle with F as centre and FI as 
radius touches therefore J,V, and J,V, at V, and },,. 

Since the line J,J, passes through /, which is one of the inter- 
sections of the three circles P,IP,, V,IV,, BIC, and is perpendiecular 
to the line on which the three centres #, F' and M lie, this line is 
a secant common to these circles. 

The tangents drawn from a point on J,J, to these three circles 
are therefore equal, as is treated in ordinary works on geometry. 

Hence the circle described with J, as’ centre and J,P, as radius 
touches BC and AD and intersects with the cirele BIC orthogonally. 
If, therefore, ./, and M be on opposite sides (or on the same side) 
of BC, by Lemma I, the circle J, touches the circle ABC internally 
(or externally). 

In a similar way the circle with ./, as centre and with J,P, as 
radius orthogonally intersects with the ceircle BIC and consequently 
touches the circle ABC internally (or externally). 


4. Proof to the second proposition. 

Let D be the foot of the perpendicular let fall from the vertex 
on the base of a triangle ABC with acute angles at B and ©, Let 
J and J' be the centres of the circles described to touch BÜ and AD 
and the circumcirele of the triangle internally and externally respectively, 
on the opposite sides of AD. Let DL be half the least chord of the 
eirele ABC that passes through D. 

10* 
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In this case the geometrice mean of the radıi of the circles J 
and J'’ will be equal to DL. | 

Let X be the middle point of JJ' and M the centre of the 
cirele BIC. Then we have from the 
triangle JM J' 
2.XJ?+2-MX’= MJ?+ MJ'. 

Again, since J.J' is the hypothenuse 

of a right-angled isosceles triangle 
whose sides are =o-+ 0), where 0 
and o’ denote the radii of the circles 
J and J', we have 
2.XJ’= (ge +0)’ = g* +0” + 200. 

Since ./ and J' orthogonally interseet with the cirele BIC, by 
Lemma 1, we have 

MJ’=0’+ MD’, MJ”?=0°+ MB°. 

These values being substituted, the first obtained expression becomes, 

after reduction, 








o0' = MB? — MX. 


Now MX= MD, for the perpendiculars X E and XF let fall 
from X on BC and AD are equal, because both are equal to half 
the difference of o and o'. Hence FD=FX, and by what we have 
said in the proof to the first proposition, MF passes through E and 
is perpendieular to JJ', that is, perpendieular to DX. In other words, 
FE is the perpendieular bisector of the base XD of the isosceles 
triangle FDX. 

We have therefore 


MB®:—- MD:=DB.DC, and DB:DCE= DE: 
EHER 


5. To prove the proposition (3). 

Let J, and J, be the centres of the circles that touch the base BC 
and the height AD of a triangle ABC with acute angles D and (©, 
and touch internally the eircumeircle; further let J, and J, be the 
centres of the cireles that touch BC and AD, produced, and the 
circumcircle externally. Let also J, and J, be on opposite sides of AD. 
Then the four points J,, J,, I, J, will be concyeclic. 

Denoting the radii of the four circles by _,, @s, O3, 0, we have, 
by what we have said, 


1% =, =-DL, or 9,:, = 9:0: 
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As DJ, DJ,, ete., are the diagonals of the squares with o,, 0;, etc., 
as sides, we have 


Be DIEN EDIT, :NDJ, 
DB EDBeDJSeDI,. 


Also the angles J, DJ, and J,DJ, are equal, so that the triangles 
J,DJ, and J,DJ, are similar, and we infer the equalness of the angles 
J,J,J, and J,J,Js. 

Therefore the four points J,, J,, J3, J, are concyelic. 


I. 
M. Endo’s study.') 


Ihe same problem in the Sampo Semmon-Sho, that was considered 
by Y. Sawayama, was also studied by M. Endö, who published his 
result soon after Sawayama’s preceding paper had appeared.!) The follo- 
wing is the result arrıved at by M. Endö. 

If we describe two circles that touch the altitude AD and the base 
BC of a triangle ABO, whose base angles B and C are both acute, 
and that touch internally the circumeircle of the triangle, then the middle 
point J of the straight line, that joins their centres i, and i,, is the 
incentre of the triangle; and the middle point J' of the centre-line i,'i,' 
of the circles deseribed touching the prolongations of the altitude and the 
base and also touching externally the circumeircle is the excentre that 
belongs to the side BC. 

For, let O, IT and I’ be the ceircumcentre, the incentre- and the 
excentre within the angle A; let @ and F' be the points where AI’ 
meets bÜ and the circumeircle; from F' draw the diameter FH, eutting 
again the circumference in H; from the points A, I, @, I’ let fall on 
the tangent at /" the perpendiculars AE, IM, GL, I'M'; draw OX 
at right angles to AE; join FD; and denote X0, XD, XA and the 
circumradius by a,b, c and R. We then have 


PR nd I RT BES ERICH = RG: FA, 


(1)  .*. IM? (and IM'Y)=GL-AE=-(R-b)(R+e) 
Again A | 
FL_GL FL _R-b 
Da EN ERLe 


1) Journal of the Phys. School in Tokyo, Vol. 9, pp. 294—297, August, 1900. 
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Consequently 
FR 9 ı__ a®(R-b) 
(2) MF? (and M'F?)—= FL:-FE= Zen 


= R—b 
- MEN (R-DR-0) 
(3) If the angle 5 ie greater than Ü, so / is to the right of FH 
and upward of FE; I’ to the left of FH and downward of FE. 


Let r, and r,, o, and og, be the radii of the circles i, and :,, i,' and i,. 
If then we make a construction as 
shown in the figure, we shall have 


04,7 OP 
or 
(Rr,”’=(atn?+b nn), 
whence 


r,+(a—b+R)=YV2(R+a)(R—b). 











Similarly 
„A(R2a- DE yaR 
Consequently 


(4) IN=-4(iR+%8) 
— 1((R-b+r,)+(R-b+n)) 


- ViR-D(R-0), 











an 
(5) FN=4(FR-SF)=4((a+r)— (nr —a)}=Y(R-b)(R=e). 
(6) J is upward of FE, and sine FR>FS, N is to the 
right of F. 
By comparing (4), o, (6) with (1), (2) and (3), we see that J 
coineides with Z. 
In like manner J' and I’ are also coincident with one another. 








1 
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Y. SAWAYAMA, ON THREE TRIANGLES THAT 
ARE IN PERSPECTIVE TWO BY TWO.') 


1. A triangle A'B'O' has its vertices on the three sides of another 
triangle ABO, and a third triangle A'B"O" has its vertices on the sides 
of A'B'C'. When ABC and A'B'C', and so also A'B'C' and 
A"B"C" are in perspective, ABC and A'B"C" are also in perspective. 

If now the triangles A'B'C' and A"B"C" have their centre of 
perspective in the centre of gravity of the triangle A'B'C', and if there 
be a fourth triangle abe whose three sides are respectively parallel to 
those of A'B'C', and if the centre of perspective of these latter two be 
identical with that of ABC and A"B"O", then ABC and abe will be 
in perspective. 





For, let P, ©, R be the points where AA", BB", CC" intersect 
with BC, OA, ADB, respectively. The intersection of AP with BB’ 
will be denoted by D. 


The line AP being considered as a transversal in the triangles 
B'BC and (Ü' BB', we have 


1) The Journal of Phys. Sch. in Tokyo, Vol. 13, pp. 3—5, June, 1904. 
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BPi2 SBD.N BAU SBDO DAR CN 
OP-TEBDTOAR SE BID SU N BR 
BP BA 047, BA 7 7 047 ABzBEB 
CP" 02° BA TAT STB AN THoeae 
Similarly we have 
09 22 4BT BON; BO WAR 2 7 BIC" EAEIIE 
40:5, NOBYSBANABNBR SAGT 
From these relations ıt follows 
BP CQ AR 
CGPIAOWEBR | 
a ( A'B" 2 Be Be , ee BC a 
BALD, ORISACHLBA CA: AB Ba 


EDER] 


Therefore AP, BQ, CR pass through a point, and thus our. 


maintenance is established. 


2. Next we shall see the relation that exists when A", B", 0" 
are specially the middle points of the sides of the triangle A!’ B'C". 

Let O0 be the centre of perspective of the triangles ADÜ and 
A"B"C"; let x, y, 2 be the intersections of be, ca and ab with BC, 
CA and AD respectively; let bc intersect OA and AB in E and F, 
and ca with AB and DU ın @ and H, and ab with BO and CA in 


K and L. 


Since be and AF' are each bisected by 40, so we have DE=Fe, 


and similarly c@ = Ha; and aK=Lb. 


Again from the transversal BO, CA, AB of the triangle abe, 








we have 
beicab Re oH 
c& aK cH' 
hl a 2 er 
ay bEoL bE 
aa aG cF cH 
DET Gb FH 
whence we get by multiplication 
bu cy aa 
ee -ay..be'‘ 


aR 
DK’ 
bE 
cE { 


It follows therefore that the three points x, y, 2 are collinear. 
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Y. SAWAYAMA, ON A GEOMETRICAL THEOREM.') 

l. As is generally known, :f we describe two circles, whose radii 
are R and r respectiwely, eircumseribing about and inseribing in a triangle, 
there exists the relation 

utW+u'=2R-r, 
where u, w and uw" denote the sagittae of the three segments of the circum- 
circle made by the sides of the triangle. 

This theorem can be generalised to the case of a polygon. 

For, let A,A,As,... A„—ı be an n-gon inscribed in a cirele, and 
let the sagitta of the outward segment made by the side A,_ı4, 
be u,, those of the segments on the diagonal A,A,+ı and containing 
4A, and A,„_ı be respectively, d, and d,, and the radius of the circle 
insceribed in the triangle A,A,A,+ı be r,. We have then from our 
original theorem 
ut +dh=2R-r, 
+ +t,=2R- nr, 


he 3 Sr PTR 4 ee ee DE We | 


0,3 + Un—1 + Un = 2R wre et 

By adding together these identities and taking into notice the 

relation d,+ d),= 2X, we obtain 
Bee Em SOR In tn +... no) 

Hence follows the generalised theorem: If we draw the diagonals 
from one of the vertices of a polygon inscribed in a cirde of radius R 
and denote the sum of the rad of the circles inseribing the triangles 
thus formed by Zr, so also the sum of the sagittae of the outward 
segments made by the sides of the polygon by Zu, then there exists the 


relation 
Zu=2R—-2r. 


From this theorem naturally follows the Chinese theorem made 
publie by Y. Mikami.?) 





1) Journal of Phys. Sch. in Tokyo, Vol. 15, pp. 362—365, September, 1906. 

2) A Chinese theorem on geometry. Archiv der Mathematik und Physik, 
III. Reihe, Bd. IX, S. 309—310. The theorem runs thus: If in a polygon inscribed 
in a circle all possible diagonals that can be drawn from a vertex are drawn 
and the successive triangles thus formed are inscribed with circles, then their 
radii will be together equal for any of the vertices. 

This theorem can be easily established, by mathematical induction, when 
it is proved for the case of an inscribed quadrilateral ABC D. 


N EN 


ar BA 
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2. Something more may be said with the same proposition. 

i. The sum of the ex-radii of the triangles considered above is also 
constant for any vertex. 

If r', r"', vr" denote the ex-radii of the triangle inseribed in a 
eirele, then 

" +r" + r"=4R+H+r, 

as we know, and like formulae being formed for the » — 2 triangles, 
and these being added together, we deduce \ 


Zr —=4(n—2)R+ Zr. 





In that case, the sides AB, BC, OD and DA will have such expressions 
like AB=2Rsin«e, «, P, y, d denoting the angles subtended by these sides, and 
R the circumradius. Thus the formulae for the radii of the circles inscribed in 
the triangles ABC and ABD, expressed in terms of the sides of the quadri- 
lateral, reduce to 
re = aR sin Ü sin E sin CHR 








oe=4Rsin sin » 
2 

so that their sum becomes a symmetrical expression of its arguments. Therefore 

the validity of our proposition follows. 

In May, 1906, three different proofs of the same theorem were published by 
T. Hayashi in the Journal of the Physics School in Tokyo, and afterwards also 
in the Mathesis (3) VI, where two more are added, Sawayama’s proof inclusive. 

The following proofs are taken from Hayashi’s writings. 

Nagasawa’s proof. Let O be the circumcentre, ?,, 7, r,, r, the radii of the 
circles Z,2,, Z,, Z, inscribed in the triangles ABC, BCD, CDA, DAB, and 
a,b,c,d,e,f the perpendiculars drawn from O to AB, BC, CD, DA, AC, BD. 
Then by a known theorem | 

R+r=a+b+e, R+r,=c+d-e, 
.2R+r, tr, =a+b+cHd. 

A similar way leads to the same expression for 2R+r,-++r,, and therefore 
4, =-nH+n: 

Nozaki’s method. The quadrilateral 7 1,1,1, is a rectangle. Taking S for 
its centre, we have 


OL?®+0L°?=4-08?14-L8?=4:.09?+4.178°=OZ=EDEE 
But OL®= R’—2Rr,, etc, so that 4, =" +17,. 
Matsuo and Omori’s demonstration. Let V and W be the intersections of 
ACand 11, BD and 1,I,. Then since 
LE AP LDWEAINL EL GN 
AALTS- ADESSBODSRIHIR 


the triangles AI,V and BIL,W are similar. Hence the angles included by the 
two pairs of the lines are equal. Consequently, since I, I,=]1,1,, the orthogonal 
projections of these lines respectively on the perpendiculars to AC and BD are 
equal; but these projections are equal the one to r, +r, and the other too, -+r,. 
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Ü. The sum of the in-radii of the triangles under description for a 
regular polygon inscribed in a circle is greater than the same quantity 
for any other polygon with same number of sides. The same may also 
be said with ex-radiü.  _ 


Chou’s proof. Projeet I, I, in 1)’, L'’ on AB, and I, I, in 1, I, on CD; 
then I, 1,'’=r,, etc. | 

E and @ being the middle of the ars AB and OD, take the arcs 
EBD'=EAD, GCA=GDA. The chord ED’ cuts the are BLI,Aina 
point J, and the chord @ A’ cuts the arc OL IL,DinK. 

Be ande L, KL and-I,1L, 
intersect in M and N. Then 
CH, LJ=531LEJ=4C0ED!, 


<LLK=ILGK= BEA. 


But since the arcs BA’ and CD’ are 
equal, the angles 7,7,K and I,1,J are 
equal, and hence the right-angled triangles 
I1,M and 1,1,N are similar. 

Denoting AB, BC, CD, DA, AC, BD 
bya,b,c,d,e, f, we have 


AL'=z(+te-b, Al'=Zic+d-f), 
. WI'=LM=1(tf-b-d, 





and similarly we obtain the same expression for 1L,'1,'=1,N. Consequently the 
triangles 7, 1,M, I,I, N are equal, so that ,M=I,N, that is, 


0 Bam 1 Ya 7 0) EU Pi a ek 


The above theorem is said to have come from Chou Ta, who is one of the 
leading mathematicians in present China. But as T. Hayashi observes, the theorem 
for the case of a quadrilateral is given in the Zoku Shimpeki Sampo, or Mathe- 
nıatical Problems Suspended Before Temples, Second Series, collected by Fujita 
Kagen, 1806, Appendix, Sheet 5, and it was K. Nagasawa who achieved a proof 
of it and communicated to Chou. 

The theorem, as contained in the old Japanese publication mentioned above, 
it stands thus: 

There is a circle, as in the figure (here we omit it), in which six lines are 
drawn and four circles are inscribed (each touching three of the lines). The 
S diameter 1 inch, the E diameter 2 inches, the W diameter 3 inches. Required 
the length of the N diameter. 

Answer. The N diameter 4 inches. 

Direction. Arrange the E diameter, add the W diameter, subtraet the 
S diameter, then the remaining is the N diameter, and thus the problem is solved. 

Yedo, Fifth Month, 1800. 

Maruyama Tetsugorö Ryökwan, 
Pupil to Maruyama Ryögen. 
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For take M, for the middle point of the, are A,—-ı4,. Then 
2R-u, = M,4,”, so that 


(2) 2>77 I mar 


The right-hand side represents half the sum of the squares of 
the sides of the 2n-gon whose vertices are the points A,, A, As - - - Ay —ı 
and the middle points of the arcs opposite to these points. 

Now if the two consecutive sides A,_ı A, and A,„A,+ı of the 
original n-gon are unequal, we exchange the vertex A, with a, the 
middle point of the arc A,-ıA4,+ı and form a polygon with the 
same number of sides. Let m, and m,-+ı be the middle points of the 
arcs A,_ıa, and aq,A»+ı. As the arcs of the segments M,A,M,+ı 
and m,a,m,-+ı are each equal to half the arc A,_1ıA,»-+ı, these two 
segments are congruent; and as the angles contained in these are 
obtuse, the median passing through the vertex A, of the triangle 
M,A,M,-+ı is greater than that through «a, of the triangle m,a,m,-+1; 
EL M,A; + A,M;>ı > mad + a,mP +1. 

Hence for the 2n-gon obtained by replacing A,_ım,, My»4p, 
pMp+15 MprıAp+ı for A, My, MyAp, Apr Mor, Mor ne 
original 2»-gon, the sum of the squares of the sides is less than the 
eorresponding sum for the original polygon. Therefore the sum of 
the sagittae for the new n-gon is less than that for the original 
n-gon by (2), so that by (1) follows our proposition. 

iii. Of the sums of in-radii under consideration for two regular 
polygons inscribed in the same circle, that is greater which pertains to 
the polygon with greater number of sides. The same consists also of 
ex-radit. 

For if we form an (n-+1)-gon by replaeing the side A,_1ı4A, of 
a regular n-gon inscribed in a circle by the chords of the arcs 
A,—ıM,, M,A,, which are halves of the are A,_ı4,, and denote 
the middle points of these half arcs by B and Ü respectively, we have 


NO ER u beils, =, A, Mn 


since the angle A,_:ıBM, is obtuse. 

Hence the sum of the squares on the sides of the 2»-gon with 
vertices in the vertices of the original regular n-gon and the middle 
points of the arcs subtended by its sides is greater than the same 
sum for the 2(n +1)-gon constructed for the new formed (n+1)-gon. 
Hence by (1) and (2) our proposition becomes established. 


NT BER > 
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Y. SAWAYAMA, ONE OF MANNHEIM'S 
THEOREMS EXTENDED.) 


The envwelope of the circle circumscribed about a triangle, whose two 
sides and inscribed circle are fixed in position, is a circle. 

This theorem is one that dues to Mannheim and a well-known 
one. Its meaning may be extended in one way, and the proposition 
thus obtained runs as follows: 

When a straight line turns round a given circle that touches two 
gwen straight lines, the envelope of the circle described on the intercept 
of the turning line, cut off by the two given lines, as chord, so as the 
segment on one side of it contains a constant angle, is two eircles. 

Let AY and AZ be the two given lines and / the centre of the 
given circle, and we denote by BU the moving line that touches the 
eirele /. A circle is constructed on BC as chord, so that the segment 
on one side of 
this chord should H 

always contain Es 

a constant angle 

(the said segment AG ZA HES 
should lie on the ae RN 
same or opposite Z\E | 


| Bi 
side of the chord N 


as the circle I, EE \ 
M 


according as I ZIR 
inseribes or eseril- 
bes the triangle 


ABO). 
The triangles 
ABCandAB'O', 


where BD’ and (' 
are the points in 
which this circle 
meets AU and 
AB again, are 
similar. 

Take I’ for the point homologous to I with respect to the triangles 
AB'C' and ABO, then AI’: AI = A0':AC. 


1) Journal of Phys. School in Tokyo, Vol. 15, pp. 569—572, November 1906. 
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But two angles of the triangle ACC’ being constant, these ratios 
are of a constant value, and in consequence /' is a fixed point. 

BI and B'I' both pass through the middle point M of the are CC’, 
and OI and O’I' pass the middle point N of the are BB". 

As the triangles ABI and AB’! are similar, the angles MII' 
and MI’'I are equal, so that MI= MT, and similarly NI=NT. 

Hence MN is the perpendicular bisecetor of II’ and is in a fixed 
position. 

From the fixed point / draw DI parallel to AD, and let it meet 
with MN in D, which is a fixed point. Draw PP’ through D parallel 
to ©C'. Since the triangle ACC’ has two angles constant, the straight 
line €C' does not change its direction. Hence PP' is in a fixed 
position. 

Since PP’ is parallel to the chord of the are CC’ whose middle 
point is M, the moving cirele has its centre on the perpendicular let 
fall from M to PP! | 

The two angles MID and MNI are both equal to half an angle 


ZBC (where Z is the point of contact of the circle I on AB), so 


that the triangles MID and MN I are similar. Hence MI’®=MD.MN. 

Now take M for the centre and MI? for the modulus of inversion, 
then the curve inverse to the fixed straight line PP' is the moving 
circle. 

Hence the moving circle touches always the two circles that touch 
PP' among the radical cireles with / and I’ for limiting points. 

Cor. 1. The two circles, that form the envelope of the.moving circle, 
touch the two fixed straight lines AY and AZ. 

For, draw IE and I'E' perpendieular to II’ and let them meet 
AC and Ab in E and E’ respectively. From the similarity of the 
triangles IFD, AIE, AT’E', we have | 


FD PP IE ESS AIT 


Hence the half of ZZ’ which ıs the sum or difference of AI and 
AI being equal to /F, we see from above proportion that half sum 
or half difference of IE and I’E' is equal to FD. 

But the distance between F' and the interseetion of FDand EE' 
is also equal to the above length, so D lies on EE". 

E and E' being homologous points of similar triangles ABC 
and AB'C', we have AE: AE'= AC: AC'. Hence EE!' is parallel 


to CC'. Gonsequently EE' is identical with PP', because both pass 


throush D and are parallel to CC". 
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Let O0, O' be the centres of the two envelope circles, and let O0 
lie on the same side of I’ as I, and let the circles O, O' touch the 
line PP' in L and L'. Then the cirele with D as centre and DI 
as radius goes through /', 7, L’ and touches the lines OZ and O'L'. 

Hence the line I'E’ is the polar of / with regard to the circle 
ÖO and the line LE’ the polar of Z with respect to the same circle. 
So the point E', intersection of these lines, is the pole of the line 
that joins Z and ZL. Hence OE' and IL are mutually at right angles. 

Now denoting with (@ the intersection of IL and AZ, the lines 
DL, DI are equal, and ID, GE!’ are parallel. Thus E'L@ is an 
isosceles triangle. 

Hence the line OE'’ bisects the angle LE'G. 

Therefore the ceircle O touches the line AG, and consequently to 
the line AY too. 

Similarly the eircle O’ touches the lines AY and AZ. 

Cor. 2. The point of contact of one.of the two envelope circles, that 
has the centre on opposite side of I as A, the point I and the middle 
point of the arc BC of the moving eircle are collinear. Also the point 
of contact of the other circle having the centre on the same side of I as 
A, the point I and the middle point of the conjugate arc of BU are 
collinear. 

We try the proof for the first proposition enunciated here. 

Let u be the middle point of the are DC, and let the straight 
lines Mu and PP! intersect in H. 

The angle IDL is equal to the angle contained in the arc BC, 
which we term X. Hence the angle ILL!’ is equal to half the supple- 
ment of K, and the angle Z/Mu is either equal to this or to its 
supplemental angle. Therefore the four points M, L, I, H are con- 
eyclie. 

Hence taking M as the centre of inversion, the point inverse to 
L is the point of contact of the circle O with the moving circle, and 
those of /and Hoare I itself and u, respectively. 

For the establishment of the second proposition we have only to 
proceed in a similar way as in the first. 
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T. KARIYA, PROPERTIES OF THE TRIANGLE.) 


IK 


If we draw from the vertices of a triangle lines that contain equal 
angles, & say, with the opposite sides, the triangle formed by these lines 
will be in the ratio 4 cos? «:1 to the original triangle. 

For let ABC be a given trianglee Draw AD, BE, CF, such 
that < ADC = < BEA=< CF DB = 

Let @ HI be the triangle formed by these lines. 

The quadrilateral ADIF can be inscribed in a circle, for one of 
its external angles is equal to its opposite internal angle. Hence the 
angles «IH and ABC are equal. 

Similarly the angles /IGH and G@HI are equal to BUOA and 
CAB respectively. 

Hence the triangle HIG is similar to ABC. 

Again we have 

AB sin(A+B) sin C BC sin A 
BG sin@-DB), sn(e-B” BHTsmC-2ı 
so that 


BH-BG=- AH EZ 
} 


sın A . sin C 





or after reduction, 


Therefore 
AABO A0® 1 


AHIG GH: sk ooen. 
A ABC: A HIG =1:4 cos? «. 





or 





II. 

Take O for the centre of the circle insceribed in a triangle ABC, 
its points of contact with the sides being X, Y and Z. On OX, OY, 
OZ take D, E, F eqwidistant from O0. Then the lines AD, BE, CF 
will meet in a point. 

For, let these lines meet the opposite sides in J, H and X; and 
we have only to prove 


BJ:CH:- AK=J0C:.HA:KB, 


(BX —- z)(CY—- y) (AZ+2)=(BX-z)(AZ+y)(CY+%), 
where JX, HY, KZ are denoted by x, y, z respectively. 


or 





1) Two papers in the Journal of the Phys. Sch. in BR Vol. 11, pp. 357—358, 
and Vol. 12, pp. 397—399, 1902 and 1903. 
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From A, B, (© let fall on the opposite sides the perpendieulars 
AR, BS and UT; and denote the radius of the inscribed eirele by », 
and ODD=OE=OF by X. Then, since BX=s-b, CY=s-.c, 
AZ=s--a, we have 

SEM AR 
Ba N 


r—k nm... valr—k) | 
a en vg Sp (c cos D—s+b), 
whence x. 
yyY _2A(s—b)—aec(r—k)cos B 
BX-ı= TER ER STr 


and similarly 
'Yy 2A (s—J)—ba(r—k)cosC 
Ö Y = 3A—-(r— Kb 


= 2Al@-a)—be(r —k)cos A 
Ad Sum BA (the 


We also form the expressions for BX—z, AZ+y, CY-+z, 
the continued product of which will be evidently the same as the 
product of the three quantities above given. And thus our proposition 
follows. 

For special values of r the following statements will be derived: 

7°. k=r. The lines that join the vertices with opposite points of 
contact of the inscribed circle are concurrent. 

2°. k=w. The three perpendiceulars are concurrent. 

3%. k=—r. If we denote the ends of the diameters that pass through 
X, Yand Z by X', Y' and Z', the three lines AX', BY' and CZ' 
are concurrent. 


ON A TRIANGLE WHOSE TWO BISECTORS OF ANGLES 
ARE EQUAL. (MIYATA AND HAYASHI) 


L 


The triangle, whose two bisectors of angles are equal, is an isosceles 
triangle. 

This elementary theorem may be proved in various ways, of which 
the Journal of the Tokyo Physics School of February, 1901, contains 
six different kinds of demonstrations collected from various sources, 
and the April number in the same year further gives other three. 

Abhälgn. z. (iesch. d. math. Wiss. XXVIII. 11 
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This problem was later taken up in the same Journal by Y. Miyata 
in his paper on the properties of the bisectors of angles of a triangle.') 

One of his proofs is this: 

In a triangle ABC, draw BD and UE bisecting its angles at B 
and Ü, and let these bisectors meet each other in the point 0. Take 
up the triangle AEC and transpose it so as the points & and (© fall 
on B and D respectively, and let the point A fall on the same side 
of BD as it originally lay; let it take the position of A’, the line AO 
taking the position of AO. 

The four points A, A', B, Dllie on a eircle, so that AO and A’O 
intersect in the middle point M of the are BD. Thus MA and MA’ 
are equal chords, and they make equal angles with BD, namely, 
LAOD=LA'O'B, that is, LAOD=LAOD=[_LAOE. Hence the 
triangles AOD and AOE are congruent, and so AD=AFE. Also it 
is evident that ÜD and BE are equal. It follows therefore the 
equalness of the sides AC and AB. 





II. 


Hereupon T. Hayashı studies the problem whether a triangle shall 
be isosceles or else not, if the bisectors of two external angles are 
equal.?) 

This problem would appear on the outset very easy of answer. 
But it is not so in actuality. 

We denote the bisectors of the external angles at DB and C in 
the trıangle AbU by BD and CE. When the points C,D and BE 
are both on the same sides of A, or when they are both on the 
opposite sides of A, we have nothing to say, for ın these cases it 
is easy to prove the triangle to be isosceles. 

But consider the case where CO and D lie to the same side, and 
b and E on opposite sides of A. In this case the triangle cannot 
be concluded at once to be isosceles,. 

In the triangles ADD and BCE, we have 


BD sin A sin A 
DIREE SEN BE EN 
sin (A484 —) os(4+,) 
GR ARE RBmER 
cos (2+5) 





1) Vol. 13, pp. 268—274, July, 1904. 
2) Journ. of the Phys. School in Tokyo, Vol. 13, pp. 383—386, October, 1904. 
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Hence under the hypothesis that BD and OE are equal, we have 
sin NT sin B 


cos (A + 5) Pr cos (B + 5) | 


But 
sin (/ cos (B + ;) — sın DB cos (A+ ) —= sın (/ cos (B+ :) + sın Bcos (C + 5) 
— 2 (sin 3 + sın 5) (sin? z — sin 4 sin 5) , 


+ sin © > 0, so that 


and evidently sin > 


sin? e= sin 2 sin 2 
SE 2 2 


oet 


Above transformations are all traceable backward. We g 


therefore the 

Proposition. If the sine of half an angle of a triangle is the mean 
proportional between the sines of half other angles, then the bisectors of 
the external angles of these angles are equal, but this triangle is not 
necessarily isosceles. When it is isosceles it will be an eqwilateral triangle, 
and the bisectors will be infinitely great. 
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The theorem: The middle points of the diagonals of a quadrilateral 
circumscribed about a circle are collinear with the centre, ıs usually 
demonstrated by the proposition: The | 
locus of the vertex common to two triangles 
that stand on given bases and that have 
a constant sum of areas is a straight line. 

But the latter proposition is some- 
what difficult to prove. We therefore 
propose to demonstrate the former 
theorem in a more elementary way. 

Let E, F, G, H be the points of 
eontact. Through M, N, the middle 
of AC and BD, draw POR, XYZ|EG, euttng AB, ODin Q,R 





1) Journ. of the Phys. School in Tokyo, Vol. 16, pp. 50—52, 1907. 
11* 
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and X,Z respectively and meeting respectively in P and Y the lines 
drawn from A and B parallel to OD. 
Then OÜR=AP, for the triangles AMP and UML are congruent. 
And since EG is equally inclined to AB and CD, the triangle APQ 
is isosceles. "Therefore 
RR REN SIREENIRTEN REEL 
'. AQ+CR=AE+CG, 
:, AQ=+(AE+ÜG). 


BX=3(BE+DO). 
From the similarity of the triangles AP®, bBXY we deduce 
MR— MQ:NX—- NZ=AE+CG:BE+DG. 
Take on MN a point OÖ such that 
MO:ON=AE+ÜG:BE+DG, 
and let S, T be the middle of QR and XZ. Then 
ug _ MR-MQ NX-NZ 


5 ZH NE Te 
2: MS I N—=MOZONSEROEENIS EN 

Therefore S, O0, T are collinear. 

If KL be drawn through O parallel to EG, O is its middle, and 
KL is equally inelined to AB, UD. Hence O lies on the bisector 
of the angle made by these sides produced. 

Again 

MO:ON=AE+CG:BE+DG=AH-+CF:BE+ DH, 
so that by drawing lines through M, 0, N parallel to FG, we can 
similarly prove that O lies on the bisector of the angle included by 
AD, BC produced. 

Consequently O is the centre of the inscribed circle. 

Therefore it follows that 

The middle points of the diagonals and the centre of the circdle are 
collinear, and the lines drawn from O to M and N are proportional to 
AE+CUG and BE+DG. 

By similarity we see also that 

In a quadrilateral inseribed in a circle the bisectors of the angles, 
included by the two paırs of opposite sides produced, intersect on the join 
of the middle points of the diagonals, and the segments of the join thus 
divided stand in a simple proportion with the opposite sides divided in 
their points of intersection, and the point of concurrencey is on the circle 
with the third diagonal of the quadrilateral as diameter. 


Similarly 
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S.IWATA’S THEOREM PROVED AND EXTENDED. 


In the first number of the Journal of the Mathematical Company 
in Tokyo the following problem is proposed by S. Iwata: 

Now, as in the figure‘), two oblique lines contain an ellipse, and 
four eirdles A, BD, ©, D are inscribed. Given the diameters of the circles 
A, band 0, it is required how to calculate the diameter of the eircde D. 

Answer. Put down the diameter of the circle B, multiply by the 
diameter of the circle O, divide by the diameter of the circle A, and we 
get the diameter of the circle D as required. 

In the same place it is added by S. Iwata himself that the solution 
of the problem was begun in the eighth month in 1864, and after so 
many attempts and after so many failures, it was first completed in 
the fifth month of 18686. 

The above is given in the form of a problem, but it is in 
actuality nothing but a theorem, that may be enunciated in these 
words: 

If there are four circes touching an ellipse and its two tangents, 
the product of the diameters of those that touch the ellipse externally vs 
equal to the corresponding product of the internally touching ones; or in 
other words, the diameters of the four circles are in a simple proportion. 

This theorem underwent the good luck of calling much attention 
on it in later years, when several researches were made on the subject, 
of which we here reproduce the following papers. 





ik 
H. Terao’s Study.?) 

Iwata’s theorem above given will be easy of solution, when the 
two tangents have the same directions as the axes of the ellipse. It 
was this specical case that was chiefly studied by S Iwata, who thereby 
encountered an immense mass of troubles and hardships, and who 
then generalised the result thus arrived at to the general case of the 
problem. Iwata only succeeds at his goal through the establishments 
of 55 relations. But the author of the present paper has come to 
generalise the proposition thus put forward by Iwata. Thus: 





1) We omit the figure in this place. 
2) The Journal of the Mathematico-Physical Society in Tokyo, Vol.1, 1885. 
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Within an angle an ellipse or a hyperbola is inscribed, and other 
four ellipses or hyperbolas that are similar in form and position to a 
certain fixed comic are described touching the sides of the angle and also 
the first spoken comic, then the major or minor axes of these four conies 
will be in a simple proportion. | 

The four eircles in Iwata’s problem being all similar in shape 
and position to one another, it evidently forms a mere special case of 
our generalised proposition. 





Before we enter into the establishment of our proposition, we 
shall a little tarry on the general treatment of conics that touch two 
straight lines and with each other. The application of such a preliminary 
consideration will leave our theorem exceedingly easy of demonstration. 

The sides of the angle zOy being taken as axes of coordinates, 
the equations 


(s) ee 1) - Ary=0, 
($) ve(3+% 1) 40y=0 


represent two conics that touch these axes at the distances a, b; a/, b' 
respectively from the origin. And the equation 


(s) — (sS) = k? 6 .e z _ 1) — je ( + 2 = 1) - 0 


represents a conie that passes through the intersections of (s) and (s'). 
But the left-hand member being capable to be broken up into two 
linear factors, the conie represented by 
this equation consists of two straight 
lines, namely, two of the common chords 
of the two conics. 

These two lines pass, as will be 
seen from their equation, through the 
intersection of the lines 

x 
a 


Y EF % Y 2, 








0 Fu SA x which are the chords of contact of (s) 

and (s') with the given lines. It appears 
therefore that the common chords CE and EF and the chords of 
contact AB and A’B' of the two conies are all concurrent in the 
point I, say. 
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If now the values of k,k', a,a',b,b' undergo a change, the 
curves (s) and (S') will also change and will come in contact with 
each other in one occasion. This will happen when the ends of the 
chords UD and AB become coincident or when the two ends of one 
of these chords become so. The former will take place for a=d), 
or b=b'; a case that has nothing to do with Iwata’s problem. 

In the latter case the chord whose two ends become coincident 
will become a tangent. In such a case we shall have a relation that 
exists between the constants. 

We first take the common chord, whose equation is 

rdertrhumern 
and try to find such a relation. 

The value of y got from this equation being substituted in the 
equation of the curve (s), we obtain as the condition for the equality 
of its two roots the relation 

+ rrwern-) 


(+) (+5) 0 





or 
ET a R 
(A) h?k? (@ 2, 7) (; ie 7) FE (k + VRR —(. 
We have similarly for the second chord 
fl 1 1 1 
(B) (5); -y)-E-EVr-0. 





We shall consider the curve (s) as a fixed curve and designate 
the curves that satisfy the relations (A) and (B) as the curves of the 
classes or geneses (A) and (B) respectively. 


a! 


In forming the equation (A) we have assumed that — - is not 


equal to zero. If however this quantity be equal to zero, and at the 
same time S 4 +0, then the same equation (A) will be obtained by 
eliminating © between the equations of the straight line and of the 
curve and expressing the doubleness of the value of y. 

In case when the relations 


ER Eu 
EEE Te 
simultaneously hold, there will give no curve of the class (A); and if 
k® k K 
Te u 
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there will give no curve of the class (B). In one of these cases the 
curves (s) and (s’) are in similitude in respect to shape and position. 

We employ the words internal and external contacts according as 
the centres of two ellipses or of two hyperbolas lie both on the same 
side of the common tangent or on its opposite sides. In the case of 
an ellipse and a hyperbola, these curves are called to have an inter- 
nal contact when their common tangent lies between their centres, and 
an external contact in the contrary case. 





Here we proceed to prove that the curves of the class (A) touch 
the curve (s) all in the same manner, and so also with the curves of 
the class (B). 

When the common tangent of (s) and (s’), whose centres are («, ß) 
and («', ß'), has the equation 9(z,y)= 0, the values of 4(«, ß) and 
g9(«',ß'), will have the same or opposite signs according as the centres 
are on the same side of the tangent or otherwise. 

For («, ) the equations 

(+5 -1)-28=-9% 7 (E+$-1)-20=0 
will hold, whence we have 
k?a k?b 


er: 


(k2— ab)’ rer: 





and sımilarly | 
ER da. Es KIN 
ea Prage-am 

The tangent common to (s) and one of the class (A) will have 


the equation 


vl +)e+l, +,)9- E+R)-0, 


[A 
where the constants are connected by the equation (A). When («, ß) 
and («', ß') are substituted in the left-hand side of this equation, we 


obtain 
b k?k'? 1 b 
ıwP) = — | ab 1! N 5 u y)| et 1) 


ee PR RR 9 1 (a b' rn 
BC EEE na) 


a 





But the equation may be written 
k?’n3 l/a b al 1 @ b' NWLT. 3 ’ A 
En (84 DJ Ef CH B)]-ra rm rare 
so that we have 


en) 
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Similarly we have for a curve of the class (B) 


: , +, 1) 


But (s) is an ellipse or a hyperbola according as = 


ER l ıs positive 


or negative, so also (s') according to the sign of > el. 
As to the signs of k and /’ nothing has been restrained, so that 
we may suppose their signs to be BR ES or this case the 


sign of I depends only on those of. — — land - = — 1. Hence 
when (s) and (s’) are both ellipses or Hei hyperbolas, the tangent 
common to (s) and one of the class (A) lies between their centres and 
these curves touch internally. If one of the curves is an ellipse and 
the other a hyperbola, their centres lie on the same side of the common 
tangent, so that they have an external contact. 

A similar reasoning will reveal that the curves of the (B) class 
have always external contact with (s). 

What we have said above, of course, does not apply when (s) or 
(s') is a parabola, a case that we exclude from our consideration. 


Next, in order that (s’) may be similar in form and position to 
a given conic (s,), whose equation is 


karl + >; - 1) — 4oy=(, 


we shall have the conditions 


12 „2 12 . 2 .12 "2 
kr (EM 2),(ht 9) Ehe 
ae ab a,b, en 


whence we obtaın 


a’ b' 
Se 4, say, 


80 that a = Aa, b’ =Ab,; and also ! —= Ak,. 
These values render the equation of (s’) to the form 


ki (2 2 2 £. 1) — 4ıy=0. 


This equation contains only one parameter A, which can accordingly 
be determined by the relations (A) or (B). In other words, when (s' 
is made to touch (s), the curve will be completely determined in form 
and position. 
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It ıs to be noticed that the ratios, which the two axes ArrB2of 
(s') bear to the axes A,, D, of (s,), have each the value A. For, the 
axes are respectively parallel, and so we have A and A, as like functions 
of k, a’, b, 8 and of kg, Ay, du, 9 respectively, where # denotes the 
angle between the axes of coordinates: 
A= FHk,a,0,0), A, = Eike 0 Do 
But the expression for A is to be linear and homogeneous in 
k; a’, b, so that 
F(Aky, Aag, Ab, B)= AFlkiy, Ag, do, PB), 
or A=4A,, and similarly D=4AD,. 





Now the equations (A) and (B) may be written 
IN | : 
rel) 3) - Oh EN-0, 


Ay) \b, 


(2, —1) 2° — Ih, [I (5 + =) +22 + M (% 


() 





or 
a 1) — 0, 


which are both quadratic in A, and each gives two values of A, and 
with them two curves of each class. | 

There are therefore four conics that touch the curve /s) and its 
two tangents. 

Since the above equations have the same coefficients for A? and 
the constant terms are also equal, we infer that the products of their 
roots A,, A, and of A,, A, are equal to each other, that is, A, A, = A,A4.. 
But if the like axes of the four curves are denoted by A,, A, and 
A,, A,, we shall have 


ha 
ha 


‘ A 


i — = Den 2A 
2 
2 h, 4 £ 


AA AA AA 


This last relation expresses the required extension of Iwata’s 
theorem. 


ha 


| 
| 





| 


> 
> 
> 


1 


so that 





ID 
J. Mizuhara’s Result. !) 


H. Terao’s extension of {he theorem that is due to S. Iwata, as 
given above, seems to be more proper if we refer to the four conics 
as touching the sides or sides produced of the angle, for they do not 
necessarily happen to touch the sides only, as we have to point out below. 


1) The Journal of the Mathematico-Physical Society in Tokyo, Vol. 4, pp. 267 — 275. 
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Moreover Terao’s extended proposition is susceptible to be general- 
ised in one way. 

We retain Terao’s notations in the following lines. 

If an indeterminate conic 


(s') ke (> EB r ni 1) — 4day=0 
be similar and similarly situated to a given conie 

($,) ho.(,, AB = sr 1) — 4ay=(, 
and if (s’) touch to the conie 

(s) ke? (2 “u : > 1) — 4y—=(), 


then the ratio A of the corresponding axes of (s’) and (s,) is given by 
k’ FETT ! 2 ( Ko“ B 
25-1) Ki, [ek Ba an a {- >| + MM Ein -1)=0, 


which we designate as (A) and (B). 
In like manner, if the undetermined conie (T') 


(T') le? (7 + Hr = 1) — day, 
which is similar and similarly situated to a fixed conic 
’ 2 
(T,) 2 ( 2% = = 1) —4ıy=0, 
touch to (s), then the ratio A of the corresponding axes of (T’) and 
(T,) will be given by 


0 -1)=0, 


1 k 
d,0, 


> ERBE Be c 2 
k(, 1) — Ah, [ki ee + 3 +2]2+7°( 
which we call (A') and (B). 
These four equations in A coincide in the coefficients of A” and 
in the constant terms. Hence if the roots of these equations be denoted 
Dee and As, A, and 2,, A, and A,, A, and A,, we have 


Kl A Al Ai. 





But the two conics (s,) and (T,) are equal in every respect, and 
their corresponding axes are equally inclined to the bisector of the 
angle between the coordinate axes, for x and y being interchanged in 
the equation (T) we obtain the equation (s,)., Hence the cprre- 
sponding axes of these conies are evidently equal. Let A, be one of 
their axes. Corresponding axes of the curves belonging to the classes 
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(A), (B), (A') and (B’) being denoted by R,, Ru; R,, RER 
R,, R,, we have 
Di en Ra Ds 
Be EA RSURT ER De NE 
whence we get 
Rense Teer de 

It follows therefore the proposition: 

If an ellipse or a hyperbola be described touching the sides of an 
angle, and also eight comics, similar in form to a given ellipse or hyper- 
bola, be described touching the sides or sides produced of the same angle, 
and if the corresponding axes of these comics be equally inclined to the 
bisector of the angle, then the products of the corresponding axes of the 
pairs of each two conies similar in positions and touching externally or 
internally to the former ellipse or hyperbola are all equal. 


We next consider the limits of A and %,. 
From the formulae (A) and = we obtain 


REN HR 
Ve ee A at la Een 
+ 1, #- tt 
1 kn 
Ser [7 
(3- 1). x a REF. 


The quantity under the radical sign must be positive This being 
denoted by &°”, we have 


ne 








197,0 a 1 b. nax2 
= cy be Zn 4 Sr D3 VG = a + Aabe?. 
Now a and b being taken both for positive, A cannot lie between 


n and In other words, the chords of contact (in respect to the 


sides of the angle) of ıs’) and (s) cannot intersect between their points 
of contact (these points not included). 
From (A) and (B) follows 


Na et 


2 
N BR 
2%, (>, ı) 
nal (Ar 1\ art 
+hVr, IR ee pe | + AR, (= 5 TE 
oi which the quantity under the a sign must be positive, equal 
to &,”, say. Hence we have | 
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es ek (ut iu) 
a 


b, ba, a,b 


aa! 


+ Var (} ), -.)(i-} + & 8 sn a) u 


Assume a, and 5b, to be positive (and the same assumption will 
be taken throughout in the following). Then 
TREE Nr 
ki er ne) + a,b, >, 


so that, if 1— ,>0, that is, if (s) is a hyperbola, Fk, cannot lie 


a I Er IE 8 V! 1? 
[A ar,” ba) HA ab 
1 1 
re 


. 2 
that is, ai — 1 cannot lie between 


between 








0 
1 1 \2 4.2 
| 
which are both negative. 
Consequently (s,) may have any form when it is an ellipse. 
If 1 — R <0, or if (s) is an ellipse, there is no limits to the 
values of # 2 
And similarly for the curves of (A’) and (B’). 
These results being briefly summarised, for the existence of the 
eight conics we see that 
(1) The chord of contact of (s) cannot intersect with the chords of 
contact of the eight conies between its points of contact. 
(2) When (s) and (s,) are both hyperbolas, k, cannot lie between 


EI er er] er 


Bot A 
i e b,5& rl E ab, 


and the quantities obtained from these by reversing the second double signs, 
and cannot also lie between the quantities the same as before except that 
a, and b, should be interchanged in them. 
(3) When (s) is a hyperbola and (s,) an ellipse, the latter may be 
of any form. 
(4) When (s) is an ellipse, (s,), whether it be an ellipse or a 
hyperbola, may be of any form whatever. 
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Next something on the sign of 4. As a, and b, are positive, 
(s) and (T’) will have contacts with the sides, if A be positive. Here 
we shall only speak of the eurves of the classes (A) and (B); for the 
results for (A') and (B’) can be deduced by the interchange of a, 
and by. 

(1) If (s) and (s,) are both ellipses, then 





7 4a®b2a,b, ( e ı) +k2(ba, —ab,)? 
ERREETN, 
| Den 1°(ba, Lab.) | 
thatyıe} 
R: 4 
ee Sa 
B 1 ? 
ads Eh, 1 a 
. ab, ba, 
or 
SET 1 ) 
h hi Er; SE ba, > 4, 


so that the four values of A that arise from (A) and (B) are all 
positive, and so the four conies all touch the sides of the angle. 

(2) If (s) and (s,) are both hyperbolas, the two roots of A in (A) 
are both negative for the same sign of k and /', and those in (B) are 
both negative or both positive according as 


re 1\2 
0 


ba, 

When the signs of %k and %k, are different, we have only to 
interchange (A) with (B). Therefore the four conics all touch the sides 
produced, or two curves touch the sides and the remaining two the sides 
produced, according to the conditions expressed by the above inequalities. 

(3) If (s) and (s,) are the one an ellipse and the other a hyperbola, 
the signs of the two roots in (A) as well as in (B) are both different. 
In this case two of the curves touch the sides and the others touch the 
sides produced. Se ie Be 


As to the points of contact of (s) with (s') or (T'), they lie on the 
sides, when (s) is am ellipse. 

When (s) is a hyperbola, its points of contact with two curves of 
the same class are the one on the sides and the other on their prolongations. 
This will be evident if we notice that one of the branches of the 
hyperbola lies within the angle and the other in the opposite angle, 
and if we take notice on the 

Theorem. The straight line that joins the points of contact of (s) 
with two curves of the same class passes necessarily through the centre 
of (s). (In this theorem the straight line may be replaced by a comic.) 
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To prove this theorem, we take the equations of the tangents 
common to (s) and two curves of the class (A), 


(+ )2+(,+ vv ER IRD 0, 


a 


where A is to be replaced by A, and },. These two lines are evidently 
parallel. Hence the chord of contact is a diameter of (s), and therefore 
passes through its centre. The same can be said wıth curves of other 
classes. We have therefore our proposition proved. 

If we allow that (s), (s') or (T,) may touch not only the sides, 
but also the sides produced, then what we have said in the above 
about the limits of A and %k, and the sign of A will introduce more 
cases in addition to those already considered. 





II. 
T. Hayashi’s further extension.') 
A. 


1. Taking to axes the common. tangents to two given conics, 
these may be represented by 


S=K®L-4ay=0, S'=W’I—4ıy=(, 
whose common chord of contact is 
L=zas+by+1=0. 
A conie that has a double contact with (8) is 


A=KPL’—4xy+ wW"M’=0 
with 
M=zeo2+ßy+1=0 


for the common chord of contact. 
Ss — A=(k?—- 9) — WM’=(, 


which is the conie passing through the intersections of (A) and ($’), 
consists evidently of two straight lines AL+ uM=0), that pass through 
the intersection of (L) and (M). 

Taking the upper sign, for the condition that it touches ($') 
and consequently touches also (A) we obtain 


Bra) (,-B)—- (tm? 0 


1) The Journal of the Mathem.-Phys. Soc. in Tokyo, Vol. VI, pp. 41—51, 
April, 1895. 
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2. In the conie 
Aa? +2Haxy+ BP +2Gx+2Fy+C0=0, 

whose centre is (&, 7), we change the axes according to the formulae 

z=8+1X+mY, y=n+UX+mY, 
when we get, / representing the diseriminant, 
(Al? +2. Hll' + Bi'?)a? + (Am? + 2 Hmm! + Bm’Yy? + = pp —(, 
for ıt should be 

A&+Hn+G=0, H3E+By+F=(, 

Alm + 2H (Im! + 1m) + Bi m =. 


We have thus for the semi-axes 


I 
le" = ArZaBaRreHT IB’ 


a 
; (H?— AB) (Am? -+2 Hmm’ + Bm’? 








3. IE (A) be similar and similarly situated to the conie treated 
in last article, we shall have 
AN en H BR 
3a: Eu2ar  Krapea uigß —R?b?tu? ATLERE et 
Hence the coefficients in (A) being ‚denoted by A,, D,,..., we 
have for semi-major axis the relation 
[a]? AH? AB(altamlıı BUN a m 
DET AH’—- AB) Au +2Hll'+ Bl”) 2 J 


Now on calculation we have 
A, =4!l?u’(a — o)(b — PB) — (k?+ u) 
= lat m? RE +) = ee) 
by the condition given in the end of article 1. 
.. [a = KPu—%, where K’=— ee 
4. From the relation in last article we have 


Eee en) (Em) 


that gives us two values of y, the one of which we need only to 
select, since the other corresponds to the conie touching ($) on the 
opposite side of (S5’). Hence 








ua— + Vi 88 — k?a?, «B=+yY2 
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Of these it may be shown that there are two sets of values with 
opposite signs. u, and u, being the two values of u corresponding 
to the one set, we have for product 


H . 
12 Wauß— 1: el, krab+2) - 3° 
a kabel y st 





which is equal to a constant. The product of the other values of u, 
say u, and u,, will also have the same value, thus u,u, = u,u,: 
We therefore have 


VERS EI BE) 


La, [az] — [a;][a,] = MKila;] + [a] — [a] — [az]), 


which, specially for X=0(, is the very result obtained by H. Terao. 

Now let us consider the case X = (0, excluded in the above. In 
this case S' —=xy=0, and the condition of the conie (S5”) — (A) 
touching with ($’) becomes a=«, or b=—ß, so that the conie 
touches the &- or y-axis at the point of contact of (5) with the 
same axis. 


or 


9 A B 
 Ah=-4it)— 4, or ara 47% 
by the first formula in article 3. 
Hence writing X’ = — 4y?[a]?/1, we get 
A A B 
A and [a,]? = u em az 


In particular if the conice in article 2 be a circle, then AED, 
and we obtain the following result: 

Two circles are each in double contact with a given conic touching 
two given conies at A and B. If the two tangents meet at O, then the 
ratio of the radüi of the two circles is equal to that of OA to OB. 

The ratio of the radii of curvature at A and 5b is equal to 
OA?:OB?°, as is well known. Therefore 

The ratio of the cubes of the radıi of two circes each having a 
double contact with a given ellipse or hyperbola is equal to the ratio of 
the radii of curvature at the point of contact. 

Again the radius of curvature of a central conie at a point ıs 
proportional to the cube of the semi-diameter conjugate to the diameter 
through that point; and the same is also true for the other cireles 
corresponding to other value of y. Therefore 

Abhdlgn. z. Gesch. d. math. Wiss. XXVIIL, 12 
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The ratio of the radii of two circles each having a double contact 
with a given ellipse or hyperbola is equal to the ratio of the. semi-diameters 
conjugate to the diameters through the points of contact. 

The ratio of the radii of two circles in double contact with a giwen 
ellinse or hyperbola (one eircumseribing and the other inscribing) having 
one common point of contact is constant. 


B. Extension to the case in space. 


Let the right circular cone y2 + 2& + xy = 0 be inscribed with the 
quadrics 


s=r( +3 A 1) Alyet rt ay)=0, 


Ss’ (5 ++ 7-1) -4Wet+ze+ay)-0, 


where a,b,c; a’, b', ce denote the distances along the axes from the 
origin to the points of contact. From these by subtraction we get 


s-S=Pr(@+44+°-1)-®(&+3+3-1)=0, 
which evidently Be, two planes. 
If (5) and (S’) touch each other, one of these planes will be the 
tangent plane at the point of contact. To find this condition we form 
the equation to the tangent plane of ($’) at (x, y', 2’) and compare it 


with one of the two factors in above equation, when we obtain after 
reduction 





et ok+K x 
a Ergri-)-ritern 
with two like formulae en by eyelically changing a,x; b, y; c, 2. 
From these we have 


ne) Ra: 
Dabrz-a) Zeit par 
na; (sineer (DE 1)+R DE -1)=0) 


kr 


1 
" us 5: ee IR BEN ETZWEIERe HEN, k+Kk'7 
ni B a (% 7 5 ) > a (& ; N :) w* kk' | 
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whence, after reduction, we get the condition in the form 


a BI )ÜE-)-I6-N-r@rer-0 
and similarly for the other of the two planes in (S) — (8"), 

Be) 2) DE) -40-mre0 
Now let (S”) be similar to (B) and similarly situated to 


S, = k? e -E = a = e 1) — 4(ye +tzataıy=0, 


then we have 





k'? IK: 
RE = etc. = CH =. etc. 
or 72H 
2 [3 
4, b,€, 


Thus A is the ratio of the parallel central radii of (S’) and ($,). 
Hence a’, b',c',k' in (A) and (B) being substituted by a,A, by4,..., we 
see, from the resulting equations, that the products of their roots should 
be equal, or 4,4, = A},A,. 


But if »,,r,, 73, r, denote the radii vectores of the four conies 
(S,); (83), (83), (8,) parallel to the radius vector r, of ($,), then 


so that 
v ERDE 
Thus the parallel central radiü of four similar and similarly situated 
quadries inscribed in a right circuler cone and touching a given central 
quadrie also inscribed in the cone form a simple proportion. 
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H. TERAO, ON THE SECTIONS OF A WEDGE.) 


A wedge surface is a surface, as is well known, that will be formed 
by the straight lines drawn parallel to a given plane and crossing a 
given straight line and besides a given curve or another given straight 
line. The given straight line is called the axis of the wedge and the 
given plane its directrial plane. 
We here propose to give a proof to a simple relation that exists 
between the sections of a wedge made by any planes and one made 
by a plane parallel to the axis. 

Draw from any point A on the axis of 
a wedge a plane parallel to the directrial plane. 
Through the interseetion DC of this plane with 
any plane P, draw the plane ® parallel to the 
axis. Between the sections of the wedge made 
by the planes P and we find a simple 
relation which we are going to describe. 

Let these sections be 5 and $'. 

The plane @ remains indeterminate in 








position for a certain position of P, for the 
point A may have any position on the axis. i 

Draw a plane through the axis AO, cutting the two plaues P 
and ) along BO and BD respectively. BD is of course parallel to OA. 

To obtain points on the sections $ and S’, we draw a plane opn 
parallel to the directrial plane This plane cuts the wedge along a 
generating line on and cuts the planes P and @ along the straight 
lines pm and qn, which intersect with the generatrix in m and n, 
points on the curves S and 8’. But pm and BC are parallel, since 
they are the intersections of one and the same plane with two parallel 
planes. Similarly qn and BC are parallel. Consequently pm and qn 
are parallel. We have therefore 


pm:qn = 09:04. 
The straight lines og and Ab are parallel, because they are the 


intersections of a plane with two parallel planes. BD and AO are 
parallel as already mentioned. Hence 


p:09q= 09705, and m. Apm2dun— 0p20 


1) The Journal of the Math.-Phys. Soc. in Tokyo, Vol. 2, pp. 10—15, 1885. 
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Consequently if Bn, be taken on BU equal to qn, the point n, 
lies on the straight line Om. If the curve S be projected on the 
plane P parallel to AB, the projection n' of n is on the line pm, 
and pn’ is equal to gn, and hence equal to Dn,. Hence the two 
points »' and n, are on a straight line parallel to OB. 

We therefore derive the following construction. 

First deseribe a curve S'" which is the projeciion of 5’ on the 
plane P along lines parallel tt AB. Next draw from the point O any - 
straight line On, and from its intersection n, with OB draw nn’ parallel 
to OB. And lastly draw from n', where this line cuts 5", the line n'p 
parallel t0 BO. Then the point m, intersection of np and On,, is a 
point that belongs to the curve 8. 

Accordingly the description of the curve 5 can be easily effected, 
if we know how to describe the curve S". 

Here we give an example for illustration. 

Describe a circle whose centre lies on a plane A, and whose 
plane is normal to it. The surface that will be formed by straight 
lines that cross this cirecle and a certain straight line, is a wedge 
surface of a special kind, namely a circular wedge. If this wedge be 
cut normal both to R and to the directrial plane, the section is always 
an ellipse. The projecetion $’” of this ellipse on a plane / normal to R 
is also an ellipse. Therefore the section S made by the plane P can 
be described according to the method above stated by means of an 
ellipse and straight lines. But one of the axes of this ellipse lies on 
the intersection of P and R and has a constant length, a say, while 
the other varies from OÖ to infinity according to the positions of the 
point A, so that by suitably choosing the point A we can make that 
axis of this ellipse S” equal to a. In this case the ellipse S” becomes 
a eirclee Hence the sections of a circular wedge made by planes 
normal to R can be described by means of a circle and straight lines. 

If we take the point A on the middle of the axis of a eireular 
wedge, the line BU will have the same direction as one of the axes 
of the ellipse S”. In this case the areas of the curves 8 and $” are 
equal. (Hereby we assume the point OÖ is not within the eurve $”.) 

This proposition will hardly need a proof, because it is too simple. 

If the point O be within S”, the curve $ will be divided by this 
point into two parts. In this case the area of the curve $S” will be 
equal to the difference of the areas of the two parts of 8. 
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H. TERAO, ON THE CURVE WHOSE AREA 1S EQUAL 
TO THE GEOMETRICAL MEAN OF THOSE OF TWO 
HOMOTHETIC CURVES.) 


In the present paper we shall carry our study by the methods of 
elementary geometry. 


First a few words on the terms homothetie and homothety. 


If we take a point M' on the radius vector drawn from a fixed 
point O to any point M that lies on a given surface or curve such 
that OM': OM is constant, so the locus of M' will describe a surface 
or curve, which is called to be mutually homothetie with the former 
surface or curve. Hereby the points M and M' are termed a pair of 
corresponding points, and the constant ratio OM':OM the ratio of 
homothety, and the point O the centre of homothety. 

Moreover, when OM and OM are taken in the same sense, we 
say the homothety is positive, otherwise negative. 


In this place we restriet ourselves to the case of positive homo- 
thety and the curves coplanar with the centre of homothety. 

Theorem. From a pair of corre- 
sponding points M and M! on the arcs 
AB and A'B' of two plane curves homo- 
thetic in respect to the centre OÖ parallels 
are drawn in two invariable directions O X 
and OY to meet in N. The area of the 
sector COD, that has its base on the arc 
of the locus of N, will be the geometrical 
mean of the areas of the secors AOB 
and A'OB' of the two given curves AB and A'B'. (The radius vector 
is supposed to turn always in the same direction while the point M moves 
from A to Bb along the curve AD.) 

The eurve OD will be termed the mean curve of AB and A’B'. 

We will for the first place prove the theorem for the special case 
where the curve AB is a straight line. In this case the curve A’B’ 
homothetice to AD is also evidently a straight line. The mean 
curve ÜD will be a straight line too. 








1) The Journal of Phys. Sch. in Tokyo, Vol. 2, pp. 137—-143, May, 1891. 
Revised from a paper previously published in the Journal of the Senkö Gaku-Sha. 
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For let the points where Ab cuts OX and OY be E and F, 
and those that A’B’ cuts be @ and H. Then the line drawn from M 
parallel t0 OX cuts the line FG in the ratio FM:ME; and the 
line drawn from M' parallel to OY cuts the same line in the ratio 
HM':M'@G. But these ratios are equal. Therefore the parallels from 
M and M' meet on the line FG, which is consequently the locus 
of N and is the mean curve of AB and A'B'. 

Draw AP, BQ, A'P', B'Q!' parallel t0 OY and Aa, Bb, Aa, B'b 
normal to OX. Then the triangle OAB is, in area, equal to half the 
difference of the parallelograms BQ:OP and B’Q': OP', as will be 
easily proved. Hence denoting the areas of the triangles OAB, OA'B', 
OOD by S, S', Z respectively, we have 


$S=+(OP-Bb— OQ: Aa), 
S'=+(0OP'. B'b' - 09-4), 
Z2=}2(0OP' Bb— OQ': Aa). 
The ratıos > A ze a are all equal to the ratio of 
homothety, k say. Hence we have 
Die kin Zehn, 


whence the elimination of k gives 2°?= SS’, which establishes our 
theorem for the case of a straight line. 


We next prove the theorem for the case when the homothetic 
curves are not straight lines. 

In this case the mean curve is also a curved line. 

The sectors on the homothetie curves as bases may be considered 
as composed of small triangles S,, 8, 9, -.. and $,, 8,', 8,', .. 
respectively, that stand on linear bases which are mutually homothetice. 

The sector of the mean curve will be decomposed into the sum 
of the triangles &,, &,, &,, ... that have their bases which are the 
mean lines of the components of the two homothetie curves. 

Thus from what we have said above we obtain for these triangles 

I Se 
and 
MAT PN U Te A 
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The sums of these quantities being denoted by S, S’ and , 
we have 


ER 


The same relation will also apply for the case of any curves, for 
they may be looked upon as the limits when the number of small 
linear parts are indefinitely increased 


Corollary 1. Our theorem will still hold for two closed homothetic 
curves thai enclose the centre of homothety, the entire areas of the cuwrves 
being referred to. 

In the case when every radius vector cuts the curves each in 
only one point, the proposition will be easy to prove, for we can apply 
our theorem separately to the parts into which we consider the curves 
divided, and then sum up the results. 


In the case when the radius vector cuts the curves in more than 
one points the same reasoning will apply, only that some of the areas 
are to be subtracted in place of being added. 

Corollary 2. Im the case when the centre of homothety lies outside 
the curves our proposition will still hold. 

For, when the curves are met with by every radius vector in 
two points their areas will be equal each to the difference of the 
areas of two sectors that stand on arcs of the curves. 


In other cases we may also treat in a like manner. 


Our proposition will be therefore found correet in every case 
imaginable. It is therefore generally true. 


Example 1. The mean figure of two homothetie squares A 
and DB, their sides being taken for assigned directions, is a rectangle 
whose two sides are equal to the sides a, b of the squares. Hence the 
area of such a rectangle is equal to the geometrical mean of a? 
and 5°, that is, equal to ab. 


Example 2. If the mean curve of two concentric circles whose 
radıi are a and b will be formed in respect to two orthogonal diameters 
as invarlable directions, this curve ıs an ellipse with the axes 2a and 
2b. Hence the area of such an ellipse is equal to the geometrical 
mean of za? and xb?, that is, equal to ab. h 
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H. TERAO, ON THE SURFACE WHOSE VOLUME 
IS EQUAL TO THE GEOMETRICAL MEAN OF 
THOSE OF THREE HOMOTHETIC SURFACES.') 


In this place we try to extend the result of the preceding paper 
to the case of surfaces. There the problem was attacked in an 
elementary treatment. Here we prefer however the analytical method 
for fear of intricating ourselves in useless entanglements. 


1. The volume V of the tetrahedron whose vertices are (0, 0, OÖ), 
(x, 9, 2), (a, y, 2) and («", y", 2") is proportional to the determinant 


2. A surface homothetic to a plane in respect to a point O is a 
parallel plane. 

For, take O for the origin of coordinates and let the equation to 
the given plane be 


Pe IR LION 
ee 


and let (x, y', 2’) be the point on the surface that corresponds to 
(2, % 2). Then the ratio of homothety being k, we have 


u" y' 


=, 
a RE 


and we obtain 
ac! y 2 Ko 
5 -H ), E= er k. 


3. If from the corresponding points of three homothetic planes three 
planes are drawn respectively parallel to three given planes, no two of 
which are parallel, the locus of their point of intersection is also 
a plane. 

Take the centre of homothety for the origin and the directions 
of the three given planes for coordinate planes. Let the equation to 
one of the three homothetie planes be 


Uran, 
Er 


1) The Journal of Phys. Sch. in Tokyo, Vol. 2, pp. 201—205, July, 1891. 
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If then (x, y, 2) and (z", y", 2") denote the coordinates of those 
points that correspond to (x, y, 2), and % and %' the ratios of homo- 
thety, we shall have 


ac’ y Ei g' 1; ze’! y' 2 1, 
= Be = v, Be Be „"— ir 


ee, er re, 
Let (&,, %, 2) be the point of intersection of the planes drawn 
through (x, y, 2), (x, y, 2’) and (=", y', z") parallel to the planes 
y2, 2%, &y, respectively. We have then evidentlyz,=x,y, =y, 4 =2"; 
that is, 
ER ee ky, A kz, 


values that transform the preceding equation into 
XC FA 
hr 

4. If we replace the three homothetic planes by three homothetie straight 
lines, the resulting locus will be a straight line. For we can draw three 
homothetie planes through the three lines, and the locus before us 
becomes the intersection of two planes. 

Therefore the locus of intersection of three planes respectively parallel 
to three given planes drawn through the corresponding points of three 
homothetie polygons is also a polygon. | 

5. Let A,B,C, be the locus of the intersection of the planes drawn 
respeclively parallel to three planes P, Q, R, no two of which are parallel, 
from three corresponding points in three homothetic triangles ABC, 
A'B'C', A"B"C". Then the volume of the tetrahedron with the vertex at 
the centre of homothety and with A,B,C, as base is equal to the geometrical 
mean of the three tetrahedrons on ABC, A'B'C' and A'B"C" as bases. 

For take the origin at the centre of homothety and the axial 
planes parallel to P, 0, R. Then by Article 1 the volumes Y, V', V",V, 
of the tetrahedrons OABC, OA'B'C', OA"B'C", 0A,B,C,, are 


V=-AD, V'=AD', V"=AD", V,=AD,, 


where A depends only on the mutual positions of the Raus P,QER 
while the D’s are determinants of the third order. 

Since the coordinates of A’, B', 0’ and A", B", C" are respectively k 
times and %' times of those of A, B, C, we have, according to the 
property of determinants, D’=1?D, D"=K°?D. 

The eoordinates of A,, B,, ©, are equal to those of A, B', C", so 
that the first vertical line of the determinant D, is equal to that of D, 
the second to %k times that of D and the third to /' times that of D. 
Consequently D,=KkKD. | 


5 U 
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Hence we have 
1 N Au 17 a Fe A 7 
whence follows | HE: 
VVVv"=V:, or , -=-YVV'V", 
as was to be shown. 


6. The volumes of the conical solids, that have to bases three 
homothetie surfaces and their vertices at the centre of homothety, may 
be conceived to consist of an indefinitely great number of small 
tetrahedrons with three homothetie small triangular bases. It follows 
therefore from last proposition that the volume of the cone whose base 
is the locus of the point of intersection of three planes drawn through 
corresponding points of three homothetic surfaces respectively parallel 
to three given planes is equal to the geometrical mean of the volumes 
of the cones on the three homothetic surfaces as bases. 

Our proposition still holds for closed surfaces. 

We call such a fourth surface as just described the mean surface 
of the three homothetie surfaces. 


7. Application. Three concentric spheres whose radıi are a, b, c 
are evidently homothetie to one another. We take the centre of the 
spheres for the origin of a rectangular system. Denoting by (P, 9) 
the spherical coordinates of a point on the sphere a, we shall have 


z=acosPcosp, y=acosdsinpy, z=asind, 


and similarly for points on other spheres. 
The coordinates of the point of intersection of the planes drawn 
through three corresponding points parallel to the axial planes are 


&=acoshecosp, „=becosdsiny, 2,=esind, 


whence we deduce the relation 


2 2 2 
= 
Hence the locus of the point (x,, Y,, 2,) is an ellipsoid with axes 
equal to 2a, 2b, 2e. 
The volume of this ellipsoid is therefore equal to the geometrical 
mean of 
4 3 


4 
za, „ud, 


that is, to „abe. 
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G.SAWATA, ON THE ASYMPTOTIC LINES 
OF A SURFACE AND STRAIGHT LINES ON IT.) 


The equation of an asymptotic line will be constructed in the 
following manner: 

The direction cosines A, u, v of the inflection tangent (three- 
points-tangent) to the surface p(x,y,2)—=0 at the point (=, y, 2 
satisfy the equations 

(1) »U+uV/ +VW=(, 

(2) 2a+ub+v’c+2uvf+2vig+2Iuh=(, 
where U, V,W and a,b, c, f, 9, h are the partial differential coefficients 
of the 1° En 2° Bere of @. 

), u, v are also the direction cosines of ie tangent to the 
asymptotic line, so that 

(3) A:u:v=da:dy:da, 
where dx, dy, dz are the differentials at any point of the asymptotic line. 

Hence the equations to the asymptotic line are got from (1), (2), (3), 

by a combination, in the form 
de ı _ UWb+V(-Uf+Vg-WmM+VYD 








(4) de win 2UVh_Ub_ Via 12 
5 days Su: KWO FUTU VI WN+LUVD 
Eee SZUVR-UD-Vra 


where D represents the determinant 





ER 
NT ARE 
De 
I Teen a 
SCHI WERON 


1) The Journal of the Mathematico-Physical Society in Tokyo, Vol. IV, 
pp. 186— 212. 

In June, 1888, the Mathematico-Physical Society in Tokyo proposed a prize 
essay that was to relate to a study on the relation between asymptotic lines and 
straight lines on a surface. The essay was to be sent to the committee consisting 
of D. Kikuchi, H. Terao, and R. Fujisawa on or before March 1, 1889. 

There was a single paper sent to the committee, namely the one before us. 

According to the report of the committee, the results arrived at by G. Sawata 
are by no means new discoveries, being already given by Clebsch, Salmon, and 
others. Besides the methods employed are much more complicated than followed 
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One of these equations is derivable from the other and g=(. 
Hence we take as the equations of the asymptotie line one of these 
together with g=0. The constant of integration is the parameter of 
the system of such lines. | 

For the ambiguous signs + there correspond two such systems, 
which are real or imaginary according as D><0. Therefore the 
actual asymptotie lines find themselves only in the domain where the 
original surface intersects with D= (0, that is the locus of parabolie 
points. In such a domain the two systems of asymptotic lines come 
with each other along common tangents. 

In the surface for which everywhere D= 0, that is, in developable 
surfaces, the asymptotic lines are all straight lines. 

The equations (4) and (5) may be written in the symmetrical form 


SCENES pi dx ran KRIN DE Gr 3 u, dy 
en P+N+M+(V-W)YD N+Q+L+(W-U)yD 
dz 


re 5 =#; 
MDR (UEPIVD 


where P,Q, R,L, M,N are the first minors of D in regard to 
be 010, 

Straight lines that exist on a surface are necessarily contained 
among the asymptotic lines. Hence in order to find the straight lines 
we have to see for what values of the parameter the asymptotie lines 
become straight lines. If x=f,(2,p), y=f,(2,p), with p as a para- 
meter, represent the asymptotie lines, then f,(p) being the highest 
of, 0?f, 
rk, Fr 
are the required values of the parameter. If there be no such common 
divisor, there will be no straight line on the surface. 











common divisor of independent of z, the roots of f,(p) = 0 


But this way of reasoning is applicable only when the integral 
equations of the curve are found. We must look for another way, 
For such a purpose it is convenient to consider curves described by 
points where tangents can be drawn through four consecutive points 
and to study straight lines by their means. A tangent of this kind 
is called a four-points tangent. 


by his predecessors. But in spite of the entangements of his manipulations, the 
author has well led his way and has got at his final goal. Thus G. Sawata was 
awarded with the prize for his pains on the general meeting of the Society on 
the 4th of May, 1889. 
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Thus we rewrite the equations (4) and (5) with the notations 
employed in (6), 
BE ISNEM END. 


(7) ae WA Fr wz I; Say, 
dy_ uw _L+UyD 
@ 2-24 25 u 


Since a point on an asymptotic line with a stationary tangent is 
a point on this surface where a four-points tangent can be drawn, 
we get for such a BR 


01 _ 
DJ 
(10) kin tun trn— % 


These two equations are not independent of one another, which 
can be proved in various ways. We .proceed to show it analytically. 

The values of P,Q,R,L, M, N as well as the determinant D 
being differentiated in respect to x, y and z, and also the derived 
functions of such expressions as U” D=L?— OR, ete, which can be 
easily established, being formed, the following identities make establish 
themselves from these results: 


UP, +VN + WM; =0, 
(11) UN +V/Q& +WL=0, 
om. VL+WR =0, 
(12) Mer Nst M-0, N+W+L=0, M+Lb4kR=0, 
| U’D, =2LL; — QR;,— RQ,, 
V’’D, =2 MM, — RP, — PVQ,, 
UVD;,=RN, + NR, — LM; — ML,, 
where i stand for 1, 2, 3, and where P,, P,, P, are the same as P 
except that, c, b, f contained there are replaced by the differential 


eoefficients of these quantities taken in respect to x, y, 2 respectively, 
and the same for the remaining quantities. 

We have from (7) RI=M+YVYD, which being differentinted 
with respect to x, y, 2 respectively, the results will be substituted in 7’ 
in (9), or 


(13) 





Bea OIEFSDUTUVDIOT AT 

dee rer.) 

and we get, after transformation by means of (12), (13) and those 
formulae that serve for the establishment of these, 
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f 
mal Oyan. TI ——:® 
N R RY\M+VYD)-+(LFUYD)+R) 

where 

o_;3’DM-UD _„VR-UR, 7 

> 2 
S(MD+LD,+RD, 9;MRH+LR+RR,) 
a 
with 


D,=4,P+b%+«cR+29L+2aM+2a,N, ete., 
the following designations being employed, 


0° p 0° p 0° 
nt Te ET ddr’ 
0° 0°p 0° 
NT ade 





In like manner we have for J' 
re .; BMI 

RY\(M+VYD)’+(LFUYD)+R: 

Hence for ®—=0, both I’ and. .J' simultaneously vanish, and 
conversely /' and .J' vanish together only when ® =. 

For, if U and V might have a common factor, the denominator 
also contains U or V, so that I’ and J’ do not vanish in general, 
when U and Y do. Therefore the intersection of the surface = 0 
and the original surface is the locus of points where four-points 
tangents can be drawn. This equation has however a superfluous 
factor, which we next investigate. 

By squaring we clear the equation = of its radical sign, and 
after reduction we obtain 


(15) $5— D(MM,+ LM, + RM,)— D(ML,+---)—D,(MR,+---) 


+ 2D(M/’+ L’+ 1,9, +ML+ RM +RL)=0, 


e 








where 
(16) T=PD’+QD’+RD?’+2LD,D, +2MD,D, +2ND,D;. 
The quantities D,, M,, M,, ete., being substituted by their values, 
the equation will be found to contain the factor R, which is evidently 
superfluous for our purpose. This factor being removed the remaining 
part will then assume the form 
7 
(17) =D +E=0, 


where 
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E= P{U?9—b,c) + TV ?’la? — ca) + W*a,’— a,b,) 
+27 W(a,d -a,a,) +2 WU(b,a, — a,0) + 2UV(e,a, —Ha,)) 
+ OU° by) ++) + ote. 
In this expression the coefficients of V?” may be written in the 
form of two determinants: 


DE 05,5% 5 0 

A ee, 2G 
— Bu h ba HR Ver | [% 
ee See Waaaecı 
1:0 ED VAREL 





The coefficients of 2V/ W and other terms are all expressible as 
aggregates of like determinants. Therefore the expression for E consists 
from twelve of these determinants. We have also for 7' 


ED D ED 
8: | 
a) 

308 | 
0 | 





Thus the equation (17) may be written with a determinant on 
its one side and with twelve on the other, the terms being all multiplied 
with partial differential coefficients of g. The equation arranged in 
such a form, after a transformation, results in the following: 


"0.D,: DD, 0 0 a re 
2, RAR, 
ou, £ GR } +, 
D ee 
0 SO 








where the right-hand member consists of six determinants, whose first 
lines and first columns are made up, instead of a,,a,, a, and P,, P,, P;, 
in the first term, of b,, b,,b,; €, Ca, Ca; 0, 55, 035. 0,5 0, Cs ano A 
Pi, #3, P3; 9, 9, 05 By Ra, Rz; L, Le, 2; MM, M;; N,N;,N, 
respectively; and the last three determinants are multiplied by the 
coefficient 2. This is the general formula for the curve of four-points 
tangents. 


Ba 
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In the following we confine our attention to the consideration of 
an algebraical surface of degree k. We here introduce a fourth variable o 
for the Be of rendering expressions symmetrical. 


Desi nate „ 09 6. II and the differential Se of this quantity 
g Bl q 





in respect to % X z and o by I,m,n,s, LT 


and those of n of the second order with regard ES 2,4,2 by.a,,D,, 
6, 9, 0, 6,. We then have 
Uc+Vy+Wz+lHo=kp, 
ac+hy+gz +loe =(k—-1)T, 
hc<+by +fz +mo=(k—-1)V,... 
If A denote the Hessian of p, it follows 
(19) (k—-1”’D=o’A— k(k--1)sp. 
Transforming P, @, R, ete., by the above formulae, we get 
(k-1P’P = —k(k-V)5p +8 —2x0X + 0°, 
k-Q=—kik—-1Ynp+yPS—2yeY+o?B, 


where the Greek letters stand for certain expressions and where 
A,B,(C, etc., are the first minors of A. 
These equations being differentiated, it follows from them 


(k—1)? P,= (k—1)(k-2)EU— 2(k—2)(88S— 0X) + 2°8,—2xoX,— o°A,, 


and like formulae, where A,, A,, A,, A,, etc, are employed for the 
differential coefficients of A and the remaining quantities. Here the 
terms that contain p have been postponed, because we shall come no 
more to take recourse to their differentiations and because the result 
solely lies on the intersection with the original surface. 

Let p and qg be any algebraical functions of the degrees ö and j 
respectively, and let their partial differential coefficients be denoted 
by P1 Ps> Ps> Pi I - - , then taking recourse to the relations 


pA+p;H+PG+p,X=p), 
»H+pRB+pF+pY=P", 
PX+mY+mZ +29 =D, 


m m 


+24 = q,P' ar g,P" +gP" +qPp 


— v(pg) = v(gp), 


Abhdlgn. z. Gesch. d. math. Wiss. XXVIIL. 13 


Pd +2.d' + 939 
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Eee Pr Br FE VE 


Pı | 
P> ‚= [pd), 
” 
P3 
‚0 
we get | 
(20) (kb 1?[pal = g’v(ng) + ipg +jegd — ÜpaD, 
where p has been put to 0 as before, and where «, Ü',... are connected 


with the relations 
za+yb +zg9 +ol! =(k—2)A, 
zW + yb +2f tom =0, 


et ar Ze Dia Weil de Fra ZB AV  uie Ze ae DE A 


The first term in (18), that will be represented by [Pa] according 
to our notation, can be transformed into | 
(k —1)?[ Pa] = — 2(k—2) (eS— oX) (-zoa+ oa +(k—2)a(&S5—oX))} 

+ (k- 1)?{2°[Sa] - 2xe[Xa] + o*[Aa]), 
and similarly for [L/], [2b], ete. 


But the right-hand member of the same formula may be MrBen 

in the form 
—2E=[Pa] + [Nb] + [Mg] + [Nh] 
+[@] + [L/] + [Mg] + [Lf]+ [Re]. 

This being multiplied with (k— 1)* and the terms without square 
brackets in the above formulae being substituted, we obtain after 
transformation 

o(k— 2) SA — 2(k—2)o®A. 


Again the substitution of the terms within the square brackets 
being made in the same quantity, we transform and simplify the result, 
which we add to the above expression, when we arrive at 


— 2(k—-V'E= — 4(k 2) 0’SA+2(k— 2)’ A — 02, 
where 


2 = y(Aa) + Y(Bb) + vCo) + 2Y(Ef) + 2u(Gg) + 2v(HN) 


From (19) by differentiation and transformation we get three 
formulae, from which follows 


— (k-1,T = a od(AA) + 8(k—2)eAA — 16(k— 2)2A28). 
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m 


Thus the equation En 


Bas 2E=0 transforms into 


(21) v(AA) -AAR = 0, 


which is the equation, reduced to its simplest form, of the curve of the 
four -points tangents. 

The equation to the curve of four-points tangents is of the degree 
(11k — 24). For A is of the degree 4(k — 2), and a, d,,... are all 
of the degree  — 3, so that v(AA) and AQ are each of the degree 
11k — 24. And a test for a certain special term will show that its 
degree cannot be reduced any more. 


As Clebsch and others have said, in a surface of the third degree, 
the eurve of four-points tangents is of course a straight line. In this 
case, k=3, so that the equation (21) is of the 9th degree. From 
this equation with that of the original surface we see that the surface 
contains 27 straight lines on it. 

As to the straight lines on a surface of the 4th and higher degrees, 
if any, they will be contained among the curves of the four-points 
tangents. Hence the number of straight lines on a surface of degree I: 
does not surpass (11k — 24)k. If surpass, then am infinite number of 
them. 





The equation to the curve of four-points tangents serves to discover 
the straight lines. If f(x, y, 2) denote the curvature of the curve, when 
the surfaes g=0, f=0 and that represented by the equation to the 
curve intersect along a common curve, this is a straight line. This fact 
may be tested in various ways, as one of which we may see whether 
the solution of the three equations is indeterminate or not. As another 
one we may project the two curves got from the three equations on 
some one plane and see they have common factor or not. 

In practice it will be more convenient not to find the curvature 
of the curve, but to project it direetly on a plane, the xy plane for 
instance. If /,(z,y)=0 is this projeetion and f,(z, y) its curvature, 
we have to find the highest common factor f,(z, y). Then f;(«, y) = 0 is 
necessarily a straight line. But this fact cannot be always ascribed 
to the existence of a straight line on the surface, for the projeetion 
of a ecurve might sometimes happen to be a straight line. Hence the 
intersection of f,(&,y) = (0 and = 0 should be projeeted on another 
plane, «2 plane say, resulting in the curve f,(x, 2) = 0, whose curvature 

18* 
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is /;(@,2). The highest common factor of f,(x,2) and f,(x, 2) should 
be found ın the form /,(@,2). Then the intersection of f(x, 2) = 0 
andp=( is a straight line that exists on the surface. If there be 
no such common faetor, it is evident that there is no straight line 
on the surface. 
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An ellipse may be conceived as the projection of a cirele upon 
a plane. Take a circle whose radıus is equal to a and project it 
orthogonally on a plane, that passes through a diameter AB of the 
cirele. The projeetion is an ellipse with the semi-axes « and b. Let 


the inelination of the two planes be denoted by ß. Then sin? "7 2 
On the eircular quadrant AA,, take n — 1 points A,, 4,, A,,.:.., 
A„-ı, and from these points draw A,a,, Asa, ... at right angles 


to AB. 


The distances from the points A,, A,, ... to the plane of the 
ellipse are 


| a zu; a? —b3 


Hence the projections of AA,, A,4A,, A,A,, ... may be easily 
-caleulated, and their sum is equal to 





ET Ur Te, ee 
V Aa: —- Aa,- - De A AR a 





58 
Ve = (And or A, e Er 





or expanded by the binomial theorem, 


— (AA, + A, As + Ag A; ++ An_ı An) 








N | Aa? Am Aa) |... Ann Ann)" 
AA A,4, ABA 

ee an (Ant a Er 
ER NER: el A 2343 


1) The Journal of the Society of Mathematics in Tokyo, Vol. 4, pp. 550—553, 1891. 
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For simplieity's sake we put 
9: BE RIE 09. BB: Pen 19: FW. Fk Kae ED; PREeED: Pak 2. 


a?—b? 
3 


and let 20 denote the angle contained by the successive eireular chords. 
Then evidently 


a =Asind, , — a, =Asin30; ..., m — %"-ı= 4A sin (2n — 1)9, 


and the preceding expression will become 
Aln _ & |sin? 9 + sin?30 + sin?59 +: - + sin? (2n — 1) 0) 
3.5a® 


— 2% (sin‘$ + sin‘ 30 +- “ | BT 


keinoßn Ju. 
When » increases without limit, the totality of the inscribed chords 
tends to approach to the circular quadrant, so that their projeetions 
approach to the elliptie quadrant. 
We can therefore, by calculating the values of some number of 
first terms in the last expression for a suffieiently large value of n, 
deduce the value of the elliptic perimeter as correctly as we please. 


N. YAMAMOTO, ON A PROBLEM IN THE THEORY 
OF CONIC SECTIONS.') 


For the points, real or imaginary, P,, P,, P;, ---, P., where a 
curve of the n‘" degree, f (x, y) = 0, is met by a straight line, y„= «x +ß, 
we shall have 


fax +ß)=Alce —- pn) —9):..-:-C-p)= 0, 
which is of the degree n in «. 


If A(a,a') and B(b,b') be two points on the straight line, then 
the coordinates of these points will satisfy the identities 


f(a,a)= A(a— p,)(a— Ps). (a — Pn), 
f&W)-Alb-p)b—m):..-(b- 2), 
whence 


f(a,a) _ a—pı a JAzPn 
fıb, b') b—p, b—p, =D, 





1) The Journal of the Society of Mathematics, Vol. 6, pp. 253—256, 1893. 
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But evidently 
a—Pp, APR EHAD 


b-p2,.. BP’ De BP,’ a 





faa) AP AP: AH, R Bee Wii. 
F(6,0). nn BREBPICTERP N 


n 





Now we consider three transversals which form a triangle AB. 

Let the points of interseetion of the curve {= (0) with the lines 
AB, BC and OAbe P,, Pa, -- +, En; Q15 @s Qu De ae 
respectively. Then the coordinates of A, B, © being (a, a’), (b, b'), 
(c, c'), we have from the above formula 


fa) _[AP], 1,8) _IBQI, face) _ICR 
f®.0) [BP]’ f@e) [CQ)’ (aa) [AR] 











whence by multiplication we get 
[AP]LBOJTCR] = |BPI[CQJ[AR|. 
In the case of a conice this formula will assume the form 
AP: AP'-BQ:bQ!-CR-CR'=BP.BP' (009. OQTARzır 


When the points P, @, R become coineident with P', @', R' 
respectively, the three transversals will each become a tangent to the 
conic, and the last formula takes the form 


ARZZEBN ah Br O ine 
or 


AP:BQ:-OR=BP.00Q-AR. 


Thus the three lines AQ, BR, UP are concurrent. 

We infer therefore that ?n a triangle whose three sides touch a 
conic, the three straight lines, that join the vertices with their opposite 
points of contact, are concurrent. 
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On this subject there are two papers published by @. Sawata in 
the Journal of the Mathematico- Physical Society in Tokyo, Vol. VI, 
pp. 11—18 and Vol. VII, pp. 13—17, January and August, 1895. The 
first eoncerns the description of the curves of the fourth degree, 
while the latter treats of drawing curves whose degrees are higher 
than the fourth. 


]: 
On the description of curves of the fourth degree. 


The analytical way of drawing the figures of curves of the fourth 
degree can be usually effected only through intrieated calculations, 
and the problem is by no means an easy matter. But here we propose 
to give a simple method of geometrical description and construction 
of such a curve, by which we enjoy the convenience of roughly seeing 
what a form the curve would have. 

$ 1. The transformation of the equation. The general equation of 
the curve of the fourth degree 


(1) ats y+c,ey + cap + Ey‘ 
+ + Yy+ GEY? + 0y? 
+ Co? + C12Y + 6? 
Tr 60 C4Y 


Er 
can be transformed into the form of 
(2) p,(2Y) Play) = u lay), 


where 
9, (ey) =A,a® + 2H,2y+ By? +26,2+2Fy+ Q,, 
9 (2y) = A,2? + 2H,ay+ BP? +22 + 2 F,y+ (C,, 
v(ay)=K+y)+2Px+2Qy+R, 
with A,, As, K,... as constants. 'The number of the new constants 
is one more than the old; but p, and , entering only in the form 


of a product, this transformation is unique. To obtain the transformed 
equation we first factorise the part in the highest degree, and get at 


200 G. SAWATA 


once the coefficients A,, A,, H,, H,, B,, DP,. The remaining coefficients 
will be found by actually constructing the equation in the form of (2) 
and comparing it with (1). 

In what follows we will call 9, =0 and 9, = 0 the basal conies, 
and v=( the basal circle. 

$ 2. The values of the quadratic expressions. 'The locus of a point, 
where the quadratic expression p (xy) has a value equal to a certain 
number c, has p (xy) = c for its equation. The two conics @ (zy) = € 
and p(xy)—=(0 are evidently concentrie and similar and similarly 
situated. Now assuming p = O to be an ellipse, we denote by a and a’ 
the like semi-axes (for instance the major semi-axes) of these conics, 
and we have 

= — kp (XY), = — kip (a) — c}, 


where (x,%,) Is the common centre, and where 


MT er ji + 5?)+ B°|- 


Hence we have 








(3) o@ay)=c- m (a? — a?). 
Thus the value of p(xy) is expressed in terms of the semi-axes 
of the similar conices. 
$ 3. The constitution of cwrves of the fourth degree explained. From 
S 2 we have 


- 1 
ee k, Ka en 1); p, u = (a,'? eh, a! ıb ni 1; (v2 BE v2), 


where a, and b, represent like semi-axes of the basal conies and a,' 

and a,' those of the conies similar to them, and r, r' the radii of the 
basal circle and one concentrie 
with it. Hence from the 
equation of our curve we 
deduce 

N. ra) (aa) 


? Be A 2 
1.8 —h Vo 





/ where ! — k,k,k = const. 

(A) The curve, therefore, 
RE may be considered as the locus 
of a point for which (a, — a.) (a, ” — a,”) is proportional to (r'” — r?), 
when the curves concentric and similar and similarly situated with the 
three basal curves are drawn passing through a common point. 


HOW TO DRAW HIGHER ALGEBRAIC CURVES. 201 


(B) Again the curve may be treated as the locus of a point for which 
(&)- 1} (oe L\ is proportional tö (7) 74 1) where r,',r,,r are 
the lengths of straight lines drawn from a point to the centres of the 
basal curves and where r,, r,, r are the distances of their centres to their 
intersections with these lines. 

For from (4), divided by a,?’a,”, we have 


le ee oleall 





! ' ' 


and since - — , == NEN we also have 
1 .l 2 N, 
N 2 N 2 2 
(5) (9-11) -1)-"((@)-1) 


kr? 
where X = —, —. = const. 
0,4 





S 4. The construction. Now we can utilise what we have said 
in (A) in $ 3 in actually carrying the construction of our curve. 

Two series of comics concentrice with the two basal comics and similar 
and similarly situated to them should be described in such a way that 
in each series the differences of the squares of like semi-axes of the similar 
conies and the basal conic are in a geometric progression, whose common 
ratio is the same for both series. The intersections of cwrves in these 
two series form groups of points where p,Y, has equal values. The 
points of each group being joined in order, we obtain a series of curves 
whose equation is 9,9, = c, the values of e proceeding in a series with 
the same common ratio as above mentioned. The series of concentrie 
circles » =c should also be described. The intersections of these cürcles 
and the corresponding members of the series pp — € being joined in 
order give the form of our curve. 

When we are required to draw a part of our curve in a high 
degree of accuracy, we can advantageously employ (B) in last artiele. 
At a point that is suspected to lie on the ceurve, the quantities 


DEE Eine 


being caleulated and compared, we can determine whether that point 
is, or is not, on the curve. In case when it does not belong to it, it 
can be determined on which side of the curve it lies. 

The above way of construction being merely graphical, it cannot 
be conducted very minutely in the vicinities of double points, so that 
for such portions of the curve the usual analytical achievement will be 
recommended. 
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II. 

On drawing curves of higher degrees. 

The way we have given for the construction of quartic curves 
may be applied to the case of higher curves in general. 
Curves of the fifth and higher degrees cannot be described but 
with a considerable amount of labour and with much hardships. For 
instance, to find the position of a point directly, we have to make 
repeated substitutions of severally assumed values in the series of 
Sturm’s functions and thus examine the changes of the sign and finally 
arrive at a rough value, when we can go to apply for an approximate 
solution such as Horner’s method would answer. The laborious efforts 
indispensable in such a calculation may well be imagined, and some- 
times many an hour will be required for the determination of a single 
point. The way we propose here to describe is noway simple, but it 
may be sometimes found convenient, we don't doubt. It will be especially 
advantageous in those cases where merely rough figures are sought for. 
$ 5. The equation of a curve.resolved. An expression of the mt" 


degree in «x and y can be represented as the sum of the continued 


product of 5 quadratic expressions with an expression of the (m — 2)" 


degree, when m is even, and as the sum of the continued product 
of a linear and ie quadratic factors with an expression of the (m — 2)" 
degree, when m, is odd. In other words, let F,.(xy) be an expression 
of the degree r, and let be denoted 

= + hey tb +ga+fy+t 
and by II,p the continued product of @,, Ps, .:., Pr. Then we have, 
in the case m = 2n, 


(6) Fy, (zYy) 4 II, 3, Frn—.2 (24), 
and in the case m=2n+t1, | 
(7) Fen+ı(ay)= (Ax+By+C)Inp+ Fon-ı(®Y). 


We will first treat of the case m even. 

The coefficients a,, h,, d,, -.. in the factors of II,p are obtained 
by resolving the part of the highest degree in the expression into 
quadratic factors. Then g,, f,, etc, will be given by 2» linear equations 
which arise from the comparison of the part of the degree 2n — 1 in 
the expansion of II„p with that in the original expression, C,, &,.-. 
are quite arbitrary. 


HOW TO DRAW HIGHER ALGEBRAIC CURVES. 203 


Next decomposing Fs„_s(xy) into the sum of II,_ıp and 
Fs„_3 (xy), and proceeding in like manner, we arrive at 


(8) Fy„(xy) = Il.p + ILR-ı9 +:--+ILp+v, 


where % is of the second degree. If the values of c, and «, in IL,y 
are properly chosen, we can make 


Vak +y)+tpe+gqy+R, 
so that Y = 0 should represent a circle. 


S 6. The locus of IIp= c. 

As we have described in Part I., at points on a conie concentric 
with and similar and similarly situated t0 g=0(, the function p has 
a constant value proportional to the difference of the squares of the 
like semi-axes of these conies. Hence it is very easy to find the 
semi-axis of any of the similar conics. 

By describing series of similar conies for which the values of,p, 
and 9, are each in a geometric progression, and by joining their 
corresponding intersections, we get the series of the curve 9,9, = c. 
The values of p,9, (that is, c) will also proceed in a G. P. 

Similarly the series of g,=c (this c also in a @. P.) being 
described, and compounded with the series 9,9, =c, we shall obtain 
the series of 9,9,9, = c. Proceeding in like manner we arrive at the 
series of II,p = ec. 

Thus we get the graphs of 


IL,p=c, In, —ıp = 6, ... I,p=c, b=.C. 


ST. The graphs of various continued products compounded. By 
compounding the curves I,p=c and vY—=c we obtain the series of 
the graphs of I,p+Y=c. The result being again compounded with 
graphs of IL,p=c, the series of I,p+IRp+Y=c is obtained. 
And in such a manner we get at last the curve 

Inp+ Ih-ıp +. -+I1kp+Yv=0, 
which is the curve required. 

We have chosen the values of p,, @,, ... to lie in @. P., because 
we require thereby to win the convenience for the description of the 
graphs of the products IIp. But we acquire thereby also the con- 
venience to have the successive curves a good way apart from one 
another and not coming too celosely together. 

In compounding the graphs of different continued products we 
are however little afforded eonvenience from the series distributed in G. P. 
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Accordingly in the process of compounding such graphs, it will be 
advantageous, if we conveniently describe other curves between the original 
curves of one series so as to form an A. P. For in the series thus 
changed in A. P., if we take a certain one among them as the first 
term, then there will be those that succeed as the following members 
ofaG.P. Thus we can get the resulting curves proceeding in a @. P. 

The last process of compounding has for its object to get a single 
curve, so that the two component series should be taken as they 
originally stand. 

In the case when the equation of the curve is en an odd degree, 
2n + 1, we decompose it in the form 


(N Forrılay)= (Aa+By+C)Inp+(Ar+By+G)In-ıpt:-: 


The process we have to take for this case little varies from the 
former. 

- P.S. When the curve proposed for tracing is only of the fifth 
or sixth degrees, its construction will not be so complicated, but the 
higher the degrees by far the more complicated the constructions. 
But in practice we can form rough graphs of the continued products 
and compound them so as to get a general view of the required 
curve, and we can then minutely describe those parts we are required. 
Thus we can save much labour. In some curves we can also advanta- 
seously take a proper measure that will best adapt to the case. For 
instance the curve 


(ar +hay+byP? +9 +fy+o"= (Ar + By+ CO)" 


will be traced by compounding the two series of the similar conies, 
that represent the left-hand side, and of the straight lines, that represent 
the right-hand member. 





A CONTROVERSY ON THE POLAR EQUATION. 


I. M. Endö, Ordinary errors on the polar equations of conies. The 
Journal of the Physics School in Tokyo, Vol. 8, June, 1899. 

As to the linear coordinates of a point and the equation of a 
curve referred to a linear system, the reasoning is usually carried very 
minutely and exactly, while the definitions and conventions for the 
polar coordinates appear in their basis to lack a sound and rigorous 
foundation. Consequently there reigns an erroneous view over the 
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equations of the conics, which are falsely expressed. But so far as 
we know such an error is never pointed out, and so we have to 
consider about that point. 

We will first give a rigorous definition and convention for the 
polar system of coordinates and then make a study on their relations 
to the rectilinear system and set clear the inadequate points of the 
equations hitherto employed; we will lastly see how such a looseness 
of consideration has arisen and we will give correct expressions to the 
equations of the conics. 

1. We draw from a fixed point a straight line in a fixed direction 
and call the point the pole and the line the initial line. 

The position of a point P can be determined in respect to the 
initial line OX. For draw the straight line that goes through P 
and 0. Then if the length of OP and the angle contained by OP 
and OX are given, the position of P will be entirely determinate. 
The letters r and 9 denoting these quantities respectively, we term 
them the polar coordinates of the point. (Here r and 9 will underlie 
to the rule of signs as usual.) 

To a pair of given values of r and # there will correspond a 
single point; but the coordinates of a point are by no means restrited 
to a single pair, for (r, 2nx +9) and I— vr, (2n +1)x +9) express 
all the same point as (r, #). 

If there is no treatise that has ever given a perfect definition 
‚and convention for the polar coordinates, yet there is none at the 
same time that contradiets with what we have just said. 

2. The equations =rcos9, y=rsin® have no reference to 
special positions of the point, and they hold if we change (vr, ) into 
(r, 2nx +8) or {— r, (2n +1)x= + 9}, so that these relations are true 
in general. 

3. The equation of the circle that passes through the pole and 
the point (e, «) and with radius « is usually given in the form of 
r—2acos(d — «)=0. But this is not the equation to the circle. 
For draw a straight line through the pole making the angle #' with 
the initial line This line interseets with the eircle in two points, 
different or coineident. Hence we must have two values of r for any 
value of 9’. The equation (1) gives however only one value of r. 

As the pole is a point on the circle, one might well argue, the 
one value of r will do to determine another point of intersection. 
But this is no mathematical way of argument. In the Cartesian 
coordinates the equation ‘to a line that passes through a point necessarily 
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contains this point. 'Thus one equation, that will be satisfied in every 
case, can be referred to as the equation of the line, but nothing else. 

The equation r=a is usually taken for the equation of a circle 
with the pole as centre. But this is no equation of the circle. For 
the coordinates (r, 2nx +0) of a point P on the cirele, will satisfy 
it, but the coordinates (— r, (2» +1) +9} of the same point does 
not satisfy it. 

The equation of a conie with a focus at the pole and an axis 


along the initial line is usually given in the form rl 9. 


But this is not an equation to the conie. For the coordinates of a 
point P on the ceonie will be (r, 2n# +9) or Ir, 2n +1) x +0): 
If the former satisfy the equation, the latter does not satisfy it. 

How such false results as the above could have been introduced 
here? The error comes in because the definition and convention for 
the polar coordinates are not completely established, and merely super- 
ficial considerations are followed. We have nothing to do with the 
false simplicity of results. 

4. The polar equation of a curve may be correctly constructed 
by an independent way if we pay some appropriate attentions on the 
nature of the problem, but the most simple way will lie in dedueing 
it from the equation in a rectangular system. | 

From the equation 2 +y?—2cx—2dy—(0, that represents a 
cirele passing the origin of a rectangular system, we deduce 


r? — 2ar cs (0 —2)=(, 


the polar equation of the circle, which passes through the pole. 

The equation 2° + y?= r? corresponds to the polar equation r?= a’. 

From the equation 2 +9?=(l-+ ex), the focus at the origin 
being taken for pole we deduce the polar equation to the conie 
= (l + er cos d)*. 

From the above we see that the equation to a circle is 


»? — 2ar cos (d— a) = (0, 
and not 


r —2a cs W-—-a)=(0; 


and that r=a and r=1-+ ercos() are not equations to a eircle and 
a conic, but these should be represented by 


r=a? and r?=(l-+ er cos d)%. 


/ 
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II. 7. Hayashi in the same Journal, July, 1899. On polar coordinates. 

The analytical representation of a geometrical figure has to fultfil 
one-to-one correspondences; the employment of the positive and negative 
signs only serves to make clear such a correspondence. This will be 
seen in the Cartesian geometry. In the polar geometry this one-to-one 
correspondence between the position of a point and its coordinates 
can be won if we do not necessarily distinguish between the different 
signs of the coordinates as in the Cartesian geometry. From the 
necessity of employing the positive and negative signs in the Cartesian 
geometry we cannot conclude the same for the polar geometry, in 
which we can safely take all magnitudes as always positive without 
thereby restraining any sense of its convention. Such will be perhaps 
most adequate for that system which presents a far different aspect 
than the other. To take the equation of a conie in the form 
r=(l+ercos®)’ is no regitimate representation, it is moreover a 
double representation of one and the same curve. Such an usage must 
be avoided. 


III. 0. Sudo’s remark in the same Journal, July, 1899 (pp. 230—232). 

1. M. Endö maintains that the coordinates of a point may be 
represented in the two ways (r, 2ux +6) and {— r, (2n +1)z +9), 
and that his convention does not contradiet with anything given in 
various treatises. But as we know some five or six works put r as 
always taking the positive sign. 

2. Would it be necessary that there should be an interrelation 
between the convention for the signs of x and y in the Cartesian 
geometry and that for those of r and # in the polar geometry? Nothing 
of the sort as we see; what necessity of distinguishing the opposite 
direetions by different signs whereas we already employ # for the 
same purpose? But it is a convention; ıf there be no necessity, yet 
nothing prevents its employment, when we can find some conveniences 
in it. We do not therefore necessarily oppose against M. Endo’s 
convention. 


3. Proceeding with the same reasoning, as M. Endö does, starting 
from his own convention, we must conclude that an equation /(r,0) = 0 
does not represent a curve unless it still holds when we replace r 
and by —r andd-+ x. If so, where does the benefit of the con- 
vention lie upon? What will then be represented by such an equation 
that does not stand for a curve? Cannot the equation represent any- 
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thing geometrical? How will have M. Endö to represent a transcendental 
curve in the polar coordinates? 

Assume the equation f(r, 0) = 0 to have been obtained in some 
way by considering a curve with respect to the coordinates of one of 
its points (r’, 9") and let it be such that the values of r and # deduced 
by eontinuous variations from r' and 9’ all satisfy it, but no other 
values satisfy it. Would it be incorrecet to call this the equation of 
the curve? When we obtain another equation f,(r,0)=0, that will 
be satisfied by (— r', x +"), would it not be convenient to call this 
too the equation to the same curve, and thus to take the two equally 
to represent it, as if the coordinates of the same point are represented 
by (r, 6) as well as by (—r, # +69)? Would it not be convenient, 
for example, that the same circle should be represented by r=a as 


well as by r=-—.a, and the same parabola both by = 1 — cos 
and \ —= — (1+ cos 9)? Of course the degrees of such equations thus 


obtained may be lower than the degrees of the curves. 

4. M. Endö says that r — 2a cos (Od —«)= 0 is not the equation 
to a circle. This is true, indeed, for the point on the circle that 
coineides with the pole does not satisfy it. But every other point on 
the circle well satisfies it, so that we can as well term this as the 
equation of the circle and use it for the study of the points on the 
circle other than the pole. This is a natural way of procedure and 
we find nothing inadequate in so doing. We often meet with examples 
of the same nature in the equations to higher curves when tuei 
multiple points are taken for the pole. 





IV. F. Sembon’s opinion. (The same Journal, pp. 256—258, August, 
1899.) 

It would be very proper to employ the positive and negative signs 
in the polar coordinates as M. Endö does. But as to his reasonings 
and to the equations of conics employed by him we maintain a different 
opinion. 

The relations =rcosd, y=rsin®. will be satisfied by the 
values r, 2nz +0 as well as —r, (2n+1)®= +69. Hence the polar 
equation deduced from a Cartesian equation will be satisfied by both 
pairs of values. But we can hardly say that an equation cannot 
represent a curve unless satisfied by both pairs of these values. 

If r be admitted to possess a positive as well as a negative sign, 


the equation ; —=1-+ecos® will generate the whole part of the conic 
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when 9 changes from O0 to x or 2z, so that this will be certainly 
proper to be called the equation to the conie. 

The equation r?= (l+ er cos)? can be separated into two equations 
and each of them describes the'whole conie when r may have the 
positive and negative signs.. One of these can therefore be looked 
upon as representing the conic. 

It is not only unnecessary to take the equations r?= (l-+ er cos#)? 
and r?=a?, but it is loathsome because we thus entangle ourselves 
in needless complications. 

In case we don’t allow the negative sign of r, the equation 


ee 1’ 6. C08 0 will, for e> 1, describe one branch and not the other 


branch of a hyperbola. If we have to represent the whole curve we 
must take another equation a ——(1-ecos®). Hence if a single 


equation is to stand for the entire conic, or if all conies are to be 
represented by equations of the same form, we shall then be necessitated 
to write the equation in the form r?=(l + er cos H)*. 

Negative values of r are necessary to be allowed even for a curve 
other than the conic if a single equation should suffice for its complete 
representation, and there happen also cases where positive and negative 
values of 0 are to be referred to. There are of course many curves 
that can be represented by a single equation when ®# has the positive 
values less than 27 and r only positive values; but such are special 
exceptions. 

In this respect we agree with M. Endö’s convention. The signs 
are employed in the Cartesian coordinates, for the entire curves are 
to be represented by single equations. 

Still a few words. The equation r — 2acos(d—o)=( can or 
cannot be considered as representing a circle according to the ways 
we have explained. In the polar system, the curve passes through 
the pole if the value of r vanish for some value of 0. The equation 
r — 2acos (d—«)=0 can therefore be considered as to represent the 


ceircle going through the pole; for the value of r vanishes for d = + 0. 


V. M. Endo’s reply. T’he same Journal, pp. 258—259, August, 1899. 

Our treatment on the relation between the polar and rectilinear 

coordinates appears to have been completely misunderstood by various 

mathematicians, notwithstanding we have purposely expressed to base 

our consideration on the sake of convenience. The relation between 

the two systems is nothing but a natural consequence of the definition 
Abhälgn. z. Gesch. d. math. Wiss. XX VIII. 14 
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and convention, it is no result of artificial intermingling. We cannot 
agree to them on the point that the two systems are entirely independent 
of one another. Since both have the same subject for their objects, 
the results arrived at by them must not contradict each other. 

The signs of the polar coordinates are no imitation of the reeti- 
linear system; they are employed because they are required for the 
analytical representation of geometrical figures. If the positive and 
negative signs are not required, how it would be explained when a 
negative value of ” corresponds to some value of 0? These values 
would be perhaps abandoned as meaningless, but we can see no cause in 
so doing. One would be too narrow minded when he has to put restraints 
on what could be easily got by making proper correspondences between 
the figure and its equation by means of a definition and convention. 

As we see, the equation f(r,#)= 0 does not represent a curve 
on which any restrietion is set, when it is not satisfied by replacing r 
and d by —r and m +6, but it represents a curve constructed according 
to some way. If we are required of the equation of a curve whose 
way of construction is not known, the equation must be satisfied by 
—Y, mn +H as well as by v,d. Such an equation is by no means in 
a double representation but in a perfect representation, and consequently 
not to be avoided. But we don't deny to consider the equation of a 
curve constructed in some way as the equation of the curve, for a 
convenience may be won in so doing. As to the question how the 
equation of transcendental curves should be constructed we have little 
wit to discern its meaning. 

The equation r — 2a cos (d—«)=(0 may serve for the equation 
of a circle, if we conveniently tell of the matter, but it must not be 
done without setting any restraint. The same should be said about 
many other like cases. 
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M. KABA, A PROOF OF PASCAL’S THEOREM 
ON THE HEXAGRAM.') 

If any siw points be taken om a comic and each swccessive two of 
these points be joined so as to form a hexagram, then the intersections of 
the three pairs of opposite sides will be collinear. 

This is a theorem usually known by the name of Pascal. Its 
proof is usually carried by an algebraical achievement; but we have 
got a mode of demonstration different from that. 

Let ı,, %g,...%, be six points taken on a conic and let v,, »,, vo, 
be the points where the lines u,”, and u,%,, uU, and u,U,, Uy%, and 
4,Ug Intersect respeetively. Then we have to prove the collinearity of 
v,,®, and v,; for which purpose it will suffice to assume that the 
straight lines v,v, and u,u, interseet in »,' and to prove that »,’ is 
coincident with »,. 

Through nine given points it is in general possible to determine 
a eubic eurve. Hence there will be such a curve through the nine 
points %,, Us,... Wu, and v,, %, v,. Let its equation be expressed in 
the form 

yE— 4a® — 99% — 95, 


a form to which a cubie is always liable to be reduced. 

Now assume x expressed by an elliptice function of the form 
= Wu, 95, 9g)=Yu. Then y will be expressible in terms of a derived 
function of @u, that is, by w'u, so that we have 


Pru=4nu— RpU— g;: 


Hence from the properties of the functions „u and w'u we derive 
the following propositions: 

1. The sum of the parameters u of three collinear points om this 
curve will be equal to 2mw + 2m'o', where & and @' are the two periods 
of our elliptie funchon and where m and m’! stand for whole numbers; 
and vice versa. 

2. The sum of the parameters u for three points on this curve that 
belong at the same time to a comic will be equal to 2no + 2n'o', where 
n and n' are whole numbers. The converse is also true. 

From these propositions the following relations arise: 


1) Journ. of the Phys. School in Tokyo, Vol. 8, pp. 364—366, October, 1900. 
14* 
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(1) U + 4 + = 2 mo + 2m, 
(2) y+% +, — 2no + 2no, 


; Be ’ LEN 
WU + =2no-+ 2n ©, 
ut + 0% =2m,0 + 2n, 0o, 
(3) 4 +, + V, = 20,0 + 2, o, 
° L 
vw t+W+% =2n,o+ 2n, ©®, 
U + U, + d, = 2n,0 + 2n, 0. 

The sum of (1) and (2) being subtracted by the sum of (3), it 

remains 

f ! PER 
(4) tt = 200 +20 ©, 


which expresses the converse of the proposition 1. It follows therefore 
that u,, ı,, ©, are collinear, and consequently v,' coincides with v,, as 
we had to prove. 





J. MIZUHARA, ON HASEGAWA’S THEOREM.') 


The theorem we call in this place by Hasegawa’s name in this: 

If in an isosceles trapezoid ABCD with BC and AD to its smaller 
and greater bases an ellipse S be inscribed touching its four sides, and 
four circles a, b, c, d whose radiü are r, r', r", r"" are described so as 
to touch the ellipse and each to two sides of the trapezoid, then rr! = r"r".2) 

Here we propose to prove the falsehood of this theorem. 

There are four eircles that touch any two sides (for instance AB 
and AD) and the ellipse contained in the angle. Of these four circles 
two (a, and a,) touch the ellipse externally and the remaining two 
(a, and a,) internally. "These circles will be classified as A and B. 

Taking the point A for origin and AD and AD for axes of 
coordinates, the equation of the ellipse S$ takes the form 

(8) (© +4 — 1) — 4Aay=0, 


Ü 


1) Journ. of the Phys. School in Tokyo, Vol. 15, pp. 577—586, November, 1906. 

2) This theorem was published in Uchida’s Kokon Sankan, 1832, where it is 
given as one of the problems set by Hori in a Shintö temple in Yedo in 1830, 
It has attracted much attention in the times of the old mathematical school as 
well as in recent years, and some papers were published concerning it in the 
Journal of the Mathematico-Physical Society in Tokyo. 
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where a and 5b represent the distances from the origin to the points 
of contact of the ellipse with the axes. 

The equation to a determinate circle a, that touches the axes of 
coordinates is of the same form as (S), only that it should be put 
a=b=a, andk=k,. This equation we call (a,). 

The ratio A that the radii of «a,, a,, a, and a, bear to that of 
@, will be given by the equations 

.2 he Je ns 

BI 12-2, +3)+ 224m’ Kr -1)=0, 
which we term (A) and (B), where % and /, are assumed to have 
positive signs. The upper and lower signs pertain separately to the 
circles of the classes A and B. (See Terao’s paper, S. Iwata’'s theorem 
proved and extended.) 

We shall first study about the eircles of the A class. 


Denoting by ® the angle between the axes, the equation to the 
circle a, may also be written in the form 


(Ü) Ir = (@ — a, + r,coto)’+ (y— r,cosee 0)” 
+2(x@— a, c0t @) (y—r,cosec @) COS @, 


where r, stands for the radius of the circle. 


The ratios of the coefficients of xy and =? in the two equations (a,) 
and (a,) should be equal, so that 
2%,” Be: 


(1) PE ee E 1% 





that is, k, = w/sin = and it is evidently »,= a, tan S (2). 

Again we denote by a’, b'; a, b"; and a", b"' the like magnitudes 
as «a and b for the angles at 5, C and D. We also put AD=n, 
AB=(0D=m. 

By writing m for y and a’ for x in the equation to the ellipse 
we have after transposition 


+ 1)e- HE 1)e-0 


an equation that must have two equal roots for «', so that 


! 


10 a 2ma? Mb b'a 
‘= & 1)a+ 77, and a= a De, 


whence we get 
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(3) = a ara EBRHE mab mab 


b' m mbH 











and, as we have defined, } — - (4). 
The equation (A) ‘will be transformed by (1), (2), (3), (4) into 


2 eu Et ) se ng 
(5) r—rtan E Im +a+a+2sin E YVma' + ma sin? ze: 0. 


The two values of r being denoted by r, and r, (and we assume 
v,<r, so that », and », are the radii of the circles a, and a, 
respectively, an assumption that we shall follow throughout in the 
following), we have 


| 1? rs Masın: 5 =.B, 
(A) 
In + Ya tan, | Im+ta+ta'+2sin® „ Vma' =2A. 


Similarly for the radii of the circles b,, b,, €, 35 d4, de, we 
obtain the formulae (DB), (C), (D), where r,, r,, A, D will be denoted 
with 1, 2,3 dashes, and the sine and tangent changed in (B) and (C) 
to I: cosine and cotangent, and a, a’ in the crooked brackets replaced 
by al, in (©) and (D). 

We have to establish the relation aa’ = a'a!". 

The trapezoid together with its inscribed ellipse projected on a 
certain plane so as the ellipse should become a circle, the side A,D, 
that corresponds to AD will also be parallel to the side D,C, 
corresponding to BU, and the angles A,OB, and C,OD,, where O is 
the centre of the circle, become Be angles. The radıus of that 
circle, being o, evidently 0 = a,a, = 4% - 

But as A,D, and B,C, are parallel, we have by the theory of 
projected figures 


\ a a’ du al‘! 
(6) —e — —=- = —,, whene ad —=u'd". 
[47 


N) A, 0 


Hence the products of the first formulae in (A), (B) and (0), (D) 


are equal, that is, 





a|a 
Si: 
S 


(6") Yr, >= Yıry aL ro > Tray. 


In like manner we shall have a similar relation for the cireles 
of the BP class. 
Again as has been defined 


(6) n=aH+a"=a-+ a'+ 2m cos o. 
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From (6) and (6) follows 


ı  (m— 2m cos o) (n— a) n  n— 2m cos 0) «a 
(= nn, a = — 5 
N n 
2m coso (n — 2a) 
N 


(7) N a aan 


In our problem & is necessarily an acute angle. For the sake of 
convenience we shall assume a to have a value that lies between O0 
n 
. 
problem, for in such a case where a happens to have a value greater 


and which by no means set any restrietion on the meaning of our 
N . . 
than „, we can replace a and a’ with a” and a” respectively so as 


to adapt itself to our assumption. 


. . N 
From this assumption we see that, unless «=, then a <a" 


2? 
# oO n [0 
a+a<a'+ta" or «—a"<a"— a, and evidently 0 < cos sind, 


By writing $S = — En 1 ‚by (7) we have 








(8) (A-yB) (4'-yBR') = 8°? — 25m cos a (n— 2a) ai m? cos!o (n— 2a)? 


n N? 


. [0] [67] . @ 
— sin? 3 ma — cos? 5. ma ersin 


© I 
5.085: m yaa 


F (6) 
2m?acososin? = 





[02] 
—= $S?+m | 4 COS 0 — N.Cos? 31 + 7 +2 sin” = „008, Mm Vaa', 
and 
IT ri . 9,08 © 
(9) (A"—-yB")(A"—yB") = 8? — sin? „ma — cos’ — : ma" 


+2sin“ cos 5 m Ya'a'"" 


- @ 
m sin? 3 (n — 2m cos o)a 


5 y„ 0 
= 8° — = -— co, (nm —a)m 





7 OR ERER mn 
+ 2sın E cos — „. mya'd 
B 0 
2 m°a cos o sin? — 
Be ae 2 2 ma CO — mn 608° - 
% 2 


a2 sin? eco. mYara". 
2 > 


Thus for all values of a, a’, a’, a" and @ we have (A— YB) 


(4! —yB') = (A"— y.B")(A"—yB'"), that is 
10) (Yr - vr) WR VD) = Un" vn") Un" vr"). 
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Again we get formulae for (A+ YB)(A'+yYB') and (A"+yYB") 
(A'""+yYB"), which we call (11) and (12). From these equations 


compared with (6), we deduce the result: unless « = 5 we should have 


(13) (Yr+VYr) nt Vrn)< (rn + Ye") Vr"+Yr). 


From (10) and (13), or from formulae that lead to these we get 





(14) tn) <CH tn)" tr), 

(14) (In rer) le ar Ver 
whence 

(«) Yyrg + rt, = la NE 


Both sides of («) being squared and the equal Ar,r,'r,r,' and 
dr," r"'r,"'r," being subtracted from them, the square roots of the 


remaınıng eXpressions gıve 


Be, ! RTL RER 
(B) Vol AT ale 


a 


From these we have »,r,' <r,'r,"' (15), and (6') being taken into 
account, nr <r nr" (16). 

Thus we have | 

Proposition 1. Hasegawa’s theorem holds only when the ellipse 
touches the upper and lower bases at their ends or at their middle points, 
in other cases (where the ellipse touches the lower base to left of its 
middle) the product of the radır of the two circles at the left-hand corners 
is greater than that for other two circles. 

Proposition 2. For other four circles of the same class as ın 1, 
Hasegawa’s theorem holds only when the ellipse touches the two bases 
at their middle points; in other cases the concluding sentence in 1 reverses 
itself, or in other words, the word “greater” should be changed into the 
word “smaller”. 

Next something on the properties of the circles of the 5 class. 

Let A,, A,', A)", A," be the values for the B elass corresponding 
to the A’s in'the A’class, and let r,,r,5;ry, ty; Tr, rt, and. ann 
be the radii of the circles a,, a,; b;, 5 C,, €, and d,,d,. Then 


(17) (A,+YVB)(A'+YvVB')=(4A"+yB")(A'"+ VB") 


AT) Yrn+Vr) Wr + Vr)) - Wr + Vn") Ve" + VR"), 


as will be seen from (10); 





ee A m Da 1, EL a a un 


(20) — 
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(18) +Y(A, —yB)( (A,'-yVB')= er — (sin ® -Yma’+cos“, ‚Yma), 
19) + Var vB) (a vB") I 


— (cos $ : Yma” + sin © ä Yma"), 











whence we obtain after reductions 
219, (18), 7 Bade —- (Yn—-a-—-Ya)cos-. Ym 


N 
RR, m (n — 2m cos o) 
— sın:V - — 
2 N 








- 


Nn— 2m COS 
m(Yn-—a -Ya)ın sin®- bes ec lomeos!o- Valn=a)—n(n—meoso) | 


N 


| m coso:(Yn—a-YVa)+n [00s% .Ym—sin® Ark (n — 2m cos 2 | 


N 











If now a= —, (18) and (19) are equal by (19). Fa< = the 
third factor in (20) may be proved to be negative, so that (19) — (18) 
becomes negative. In other words 


21) (A-YVB)(A'-yB)>(4"—-yB")(A"—yB"), 
or | 
ei) nV Wr Rn) > WER Rn) 
From (17) and (21), we deduce 
(22) BAHN ZAlA or (r, + 2% (ry + Ka (+ a) (+ 2), 
and 
(22') (vr 57 r;) (r, bee s) > (rz Br 2) (ru Zux Ta 
Thus the same manipulations, as in the case of the A class circles, 
lead us at the results: 


(23) (1) Unless a = S then sr! > r,"r,!", 


(24) (üi) Unles a«=0 or n tken Mur 9, Yan, 

It follows therefore 

Proposition 3. For the smaller four circles of the B class the 
concluding sentence of proposition 1 should be so changed that the word 
‘greater’ becomes smaller’. 

Proposition 4. For the greater four circdles of the D class the word 
‘smaller’ in the concluding sentence in 2 should be changed into "greater. 
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H. TERAO, ON THE MEAN ERRORS OF OBSERVATIONS.)/ 
Let 2, y,2,... be n unknown quantities, and let a,, b,, G,.- 4 
Ag, Ddg, Cg, - . ., etc. be rigorously known quantities, while /,%,L,,..| 
are numbers resulting from observations. 
Then equal weights being relied upon all the observations, the 
most probable values of the unknowns that are to be determined from 
the s equations of condition | 


(1) + bytar + —|, =1,2,..58) 
will be given by the solution of the following simultaneous system 
of n linear equations 


i [aa]z + [ad]y + laele +: -— [al], 
2) [ab]x + [db]y + [dbe]lz +: = [bl], ....., 


where 
2 2 2 2 
laal=a”’+a” +: +a?= Da, 


lab]=ab, +%b, +: =Zab, eic. 


When the mean error or the probable error of the unknowns 
contained in (2) is to be found, the mean error of the observations 
must be first known. But the latter cannot be calculated unless we 
are given the real values — not the probable values — of the unknowns. 
In the ealceulation of the mean value of observations we must therefore 
necessarily content ourselves with an approximate value But Gauss’ 
explanation of the process known by his name, that is followed by 
all writers for the determination of this approximate value, has been 
too unsatisfactory, as is well acquainted. Bertrand speaks of this 
point, while he is necessitated to adhere to it, there being found no 
proper substitute. 

Recently we have struck a quite different way and have got a 
tolerably satisfactory result. One point that is most striking lies in 
the fact that the same final result as obtained by Gauss is arrived at. 
Thus the genius of the greatest of all mathematicians appears to have 
divined the best process that ever exists, if he was little able to make 
a suitable demonstration for it. 

Well, we denote by D the determinant of the system (2), and by 
D,, D,, D.,... its minors that correspond to the elements on the 
diagonal line from the left upper corner. For other minors we follow 
such a notation like D,,, that corresponds to [ab]. 





1) Journ. of the Phys. School in Tokyo, Vol. 5, pp. 323—327, November, 1896. 
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We shall consider only the case where D does not vanish. 
Then since (2) is equivalent to 


D.zx=[al]lD, +1] D.+ lel]D.. +»; 
D:.y=[al]D.,+ |bUD, + [el] D,. +» 


if we put 
D:.«; Rr a; D, * b;, Da» ar Ds ray 


) D-ß,= aD.+ b:D; +GDy. +, etc, 
the unknowns in (2) will have the values 
(4) <=[ell, y=[ßl,... 


The residues obtained by the substitution of these values in (1) 
being denoted by 1,, 41,, I;,... and the errors of x, y, 2,... being 
denoted by 8, n, ı,... respectively, the error of the ;'" observation 
will be this: 


act) try tmM)trakßt)t  —L, 
Erben tar + + A. 


Hence if m be the mean error of each observation, s being assumed 
a sufficiently large number, we shall have 


sm®=3(1+W85+bn+:::) 
[44] + 2([a 1] + BAln + )+ 2ub+ nt) 
But by definition 1, = a2 +b;,2 +::: — I|;, so that 
[aA] — [aa]a + [ab]y+lae]l2 + — [al], 
which vanishes by (2), and similarly 


Ta 0: 


or 


Hence | 

sm®’=*[14)+2(8+bn+:::)”. 

Since the second term of the right-hand side of last expression 
consists of an aggregate of positive and small quantities, and since 
a&8+bn+::: is the actual error of 0,2 +b;y +, the mean error 
of the latter will be most appropriate to be replaced by (,&+bin +)”. 

Therefore 

(5) sm? = [14] + [rr] 


gives an approximate value of m. 


220 H. TERAO 


& 


But by (4) 
we +by+ = (lo, +bh ++ )u 
+, +bB+tcp+ )et:: 
+ (+56; + 09% +), 
so by a known theorem we have 


lu +bß4+:)’+ (a + biß, +)? + ]m? 





or 
- — ar|ae] + b?[Pp] +: 
+ 2(ab;[aß] + vc;[ay] + balPyl+:::). 
Therefore 
9 = [aallee] + [bB]LBR] + 
+ 2(lab][eß] + [eelley] + [be] [Py] +: ) 
From the first formula in (3) we have 
D.[ae]=[ac]D, + [ab] Ds +: =D, 
D.[bß] = [ab] D,+ [Pb] Da +: =, 
'.[eae]=1, [be] =[ca]=: - = (. 
It follows similary 
BBI=1, Taßl=lBl- 9, 
Accordingly we have 
Be D-\eo| = DD, 2D ep] =D mes 
(X) | D.[BP] = D,, D-[ßyl= Die, - - -, 
Hence we obtain from (6) 
ZU] — [aa] Ds + [68] D, + [ee] D. + --- 
+ 2([ab] Da» + [we] Dae + [be] Di. +) 
or 


—[aa]D, + [ab] Di, + [ac]Dac+ 
+ [ab] D..+ [6b] D, + [be]D,. + 
er [ac] Da. 5 [be] D,. + lecc]|D, +...4 ete. 


But as each row in the right is an expanded form of 41, we have 


1 
»D-[rr]=nD, or [rr]= nm’. 
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Therefore by (5) 
= [14] +nm’, ..m „yea, 


— N 


which is no other than the formula of Gauss. 





T. Hayashi’s notice on the case D= 0.) 


Let the equations of condition, m in number, be written in the form 
A1r%y a Agr Ko E12 er = Anr&n = M,, 


r=1,2,...,m, where m will of course be far greater in ET: 
to the ber of the unknowns, n. 

In this case the most NE values of the unknowns will be 
determinable from the following equations (normal equations): 


[a,a,]2, + [&a,]& +: = [,M], 
for s=1,2,...,n, where 
[a;ar] > la.a;] = Aılkı t %elr2 +: + Am lım; 


and 
,M]=aıM +9 NM; +: +4m Mn, 
et 1,2,,..,0). 

When the determinant D of the quantities [a,a;] does not vanish, 
the unknowns are to be determined from the foregoing. equations. 
But when D=0, what will it indicate? 

We see that the determinant may be written in the form 


| 
| A1p dig dı re... dis 
da de da dia 
DH D q r s \ 
| AT PT a PA ED EA 
| Anp Ong Anr : +: Uns 





which will appear from the multiplication of determinants. The symbol 
of summation extends for the whole domain where every » different 
characters 9, 9, r,...,s will be taken from among 1,2,3,...,m. 
When D is = (0, therefore, every term of the aggregate will separately 
vanısh, or 

A Ge 9 

| Ag» (A2g --- =), 

“ 
for all possible values of p, g,. 


1) Journ. of Phys. School in Tokyo, Vol. 6, pp. 117—119, April, 1897. 
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But p, g, r,... are n different characters out of 1,2,.,.,m. The 
m equations of condition constructed by observations are therefore 
such that any » out of them are not sufficient to give the values of 
the unknowns. Therefore the condition D=(0 shows that all the 
observations result in an inefficiency, so that nothing can be learnt of 
the values of the unknowns; and consequently that the mean error of 
observations cannot be found in this case. 





H. TERAO, ON THE MOTION OF A PLANE ON A PLANE.) 

About the motion of a plane ® on another plane P we base all 
our considerations on the following theorem: 

The motion of 9 at every moment of time is a revolution around a 
point called the centre of momentary revolution. 

Hence we know that the normal of the trajectory of any point 
in will pass through the centre of momentary revolution. If we 
know therefore the trajectories of any two points, the centre of 
momentary revolution at any moment will be found by the interseetion 
of their normals, and consequently the normal to the trajectory of 
any other point can be constructed. 

Now we imagine the motion of P’ in relation to Q, when Q moves 
on P. If we denote by Db,, B,,... respectively, the trajectories 
described on () by the points A,, A,,..., that belong to P, these curves 
B on Q will always pass through the respective points A, when @ is 
conceived to be moving on P. The relative velocities of the points 
of P for the movement of P in relation to @ will have the opposite 
directions to those of the points of Q in the motion of @ in relation 
to P; so that these two motions wıll be at every moment oppositely 
directed revolutions around the same point. Hence at every moment 
the normals of the D’s at the points A’s will all meet in the centre 
of momentary revolution. Therefore one of these curves b’s may be 
replaced for the trajectory of a point in Q for the purpose to find this centre. 

Application 1. M and M! are points on the radius vector ON drawn 
from a fixed point O to any point N on a given curve O, such that theür 
distances from N are equal to given lengths. The normals drawn at M 
and M!' to the loci described by these points when the radius vector revolves 
along the curve are required to be constructed. 


1) Journ. of Phys. School in Tokyo, Vol. 6, pp. 141--142, May, 1897. 
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These locı may be considered as the trajectories of M and M', 
when a plane @ so moves on a given plane P that the straight line 
MM' on Q always passes through © and so that a point N on it 
has © for its trajectory. The centre of momentary revolution of @ is 
on the normal of C at N; it is also on the perpendicular of ON at ©. 
If I is the interseetion of these two straight lines, then MI and M'I 
are the normals required. 

When the curve Ü is a straight line or a circle that passes 
through OÖ, the locı will be conchoids or rimacons. 

Application 2. To draw a normal to a rimacon. 

If two orthogonally intersecting straight lines on a moving plane 
pass through the fixed points O and O0’ respectively, their point of 
intersection N will naturally describe the circle with O0’ as diameter. 
Hence if the point /, the intersection of ON and O'N’, perpendiculars 
erected at O0 and OÖ’ respectively, be joined to the points M and M', 
we obtain the normals drawn at M and M' to the rimacons, which 
are the loci of the points M and M'., 


T. HAYASHI, ON A KINEMATICAL PROBLEM.) 


Of two moving particles the one moves along a straight line and 
with a uniform velocity, while the other moves with a uniform velocity 
towards the first particle; what will be the trajectory of the second particle? 

This is a well-known problem in kinematics. 

Let Ox be the path of the first particle and 
v its velocity, and AP the path of the second & 
particle and « its velocity. If the two partieles 
are at Q and P respectively, the straight line PQ 
will touch to the trajectory of the second particle. 

Let AO be the position of PQ when it is 


perpendicular to Ox. Then we have — 2% 


If we measure the length of the curve from A and put AP =, 
then writing e= , we have 
U 
es x l 2 
e8s=r— ER, 
J dy 
whence we obtain the equation to the curve 


1) Journ. of Phys. School in Tokyo, Vol. 14, pp. 203—207, May, 1905. 
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—e,i+te e „1—e 
Er REN el. 
2 (2 a) = 1-+e 12, (e=#1), 
and 
2(@+%) -2-— al? (e=1), 


where a denotes the length of OA. 

When the value of e is >]1, the curve does not meet the x-axis, 
which will be approached in an asymptotic way. We have to say 
nothing about this case. 

The curve we have to examine is that for which e is <1. 

In this case the curve meets the axis of x and has a contact with 
it. This point of contact is given in ordinary works as a point of 
inflexion of the curve. But it is not necessarily a point of inflexion; 


and eonsequently for x = Papr there do not necessarily exist the two 


values of y 


Ir 


re 
y-t4 (>) ? 


as Tait and Steel state in their ar of a Particle. 





The point of contact is evidently (>= 3 0), and the two particles 


meet in this point, so that their distance here vanishes. For we have 


PQ=y((0Q-0M) — PM) =+yG, 
NE (ae ae dere P | 
-+ [+] me 
This point will be termed X. 


By successive differentiations we get 


idy__ayf 1er N 





? € Z SEN 
2 de mat 4° dx? Le 


1 d’y ee i 
ae (re are)t re 


+ (2e—1)a?e} — y2°(y?°+ a?’)6e], etc., 





so that we have 
1°. Fr 1>e>1 5, at the point X 


ayaE ui RER d’y 
rer Yen, 





= 0%, 
2°. Forre=7, 
BUN YA IB: 

Pd“ a da® a? 
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8% Bor e.< +, 


I Ba 
Pr Ürpe RG RS re Rune 55.37, 77 De 
p 2 
If we put e= q’ where » and q are positive integers that have 


- are reduced fractions. And from 


no common factor, then 1+e = ei 


e 


Be a2 ale y'r® EA 
1 1 i+e Poren: 


the values of x can be made out that correspond to a value of y. 


1°. From the values Y—=0, y'—=0, y" =#0 we cannot conclude 
at once that the point X is a point of inflexion. We can only say 
that the radius of curvature at this point is infinitely great. From the 
equation to the trajeetory we see that 

(i) y cannot be negative if p be even. Two values of x correspond 
to a positive value of y. The curve has a node at 


1 
ae a re 
es 5 (; 7. .) «) 


Thomson and Tait have committed a fault when they refer to X as 
a point of inflexion for e=}- (See Thomson and Tait, Natural 
Philosophy, Vol. I) O0. Arakawa also falls into the same error in his 
Sügaku Yögi. 

(ii) If p be odd, y can become negative. A value of x corresponds 


R ae e 
to a value of y. In this case, for 2 = iz’ there are two points 





1 
y=-=H+t F 1: le, 


1—e 


(a) When p is odd and q even, X is a point of inflexion. 
(b) When p is odd and g odd, X is a cusp. 
2°. When e has the value 1 


= 


the equation of the curve is 
2a ng 
9a ( — F) = y(y — 3a)’, 
which represents a cubical parabola and y must be always positive. 


4 

At the point X we have Y=0( and y'= -, so that the radius of 
a ad 

eurvature 18 | 
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3%. The case for e SHE 1p same as in ihe: onse | we. 


all become clear. The first particle comes from o to ne ne 1 ee it 
should be considered to reverse its direction on a sudden and 3 mo ve e back 
towards O0. BL 
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